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vABSTRACT
There are large noise, random drift, and dumb luck of the stock prices in the investment pro-
cess, so the literature does not provide consistent evidence as to which strategies, including LS
(Lump Sum), DCA (Dollar Cost Averaging), and VA (Value Averaging), are superior. A crit-
ical goal of this study is to examine the performances of the investment strategies analytically,
empirically, and numerically based on theoretical analysis and comprehensive simulations. We
also propose a new alternative investment strategy called Threshold Control (TC) based on
statistical process monitoring, and compare it with the LS, DCA, and VA strategies.
We derive the means and variances of returns for each of the investment strategies under
the independent and identically distributed (i.i.d.) stock return model, which includes the
i.i.d. t distribution model, the geometric Brownian motion (GBM) model, and the double
exponential jump-diffusion (DEJD) model.
Base case studies are prepared using daily, monthly, and quarterly investment time periods
and market price variability based on historical S&P 500 index data. We assess the mean return
for each strategy and use the standard deviation of returns as a measure of risk. To account
for both the risk and return, we use a risk-adjusted performance metric, the Sharpe ratio.
Furthermore, based on empirical statistics computed from the case studies, we employ Monte
Carlo simulations to generate stock returns, and then estimate the distributional properties
of the ending returns of the portfolio for each investment strategy. We apply the i.i.d. t
distribution model, the GBM model, the DEJD model, and the stochastic volatility (SV)
model to simulate stock market gross returns.
Finally, we compare the superiority and inferiority of the four investment strategies under
different parameter setups. We present results of mean returns and standard deviations of
vi
returns based on theoretical results for the i.i.d. model and simulation studies for the SV
model. This approach can be of great assistance to the investor at the time of investment
because it enables the investor to incorporate his/her own expectations into the model. We
also use a three-level fractional factorial design to study the different effects of the factors with
three levels of parameter values and return distribution assumptions, so that we are able to
identify the critical assumptions among those parameters.
1CHAPTER 1. INTRODUCTION
1.1 Introduction
Researchers in economics, statistics, and mathematical finance have been interested in
developing and testing models of stock price behavior. One important model is the efficient
market hypothesis proposed by Fama (1970), which is associated with the idea of random
walk. The logic of the random-walk idea is that, if the flow of information is unimpeded and
information is immediately reflected in stock prices, tomorrow’s price changes will reflect only
tomorrow’s news and will be independent of today’s price changes. Because daily expected
returns are close to zero, the model for expected returns does not have a large effect on
inferences about abnormal returns, and any lag in the response of prices to an event is short-
lived. Hence, daily returns should fluctuate as random white noise.
Because changes in stock prices are random, it is impossible to predict future stock price
movements successfully, and hence there is no systematic inefficiency that would enable in-
vestors to earn excess returns. If the stock market is efficient, as the hypothesis assumes,
the benefits of using any successful investment strategy should disappear as more and more
investors participate in the anomalies. Thus, most long-term return anomalies from the use of
investment strategies can reasonably be attributed to chance.
Some researchers now believe that stock markets are at least partially predictable. For
example, Malkiel (2004) stated that episodes of broad market irrationality, such as the late
1990s to early 2000 Internet bubble, have convinced many academics and professionals that
it surely must be possible to outperform the stock market if one can avoid the psychological
pitfalls that investors are prone to. Therefore, there may be some investment strategies that
might not be perfect but could persist in giving meaningfully superior performances over time.
2Academic and practitioner communities appear to have divergent views as to which strate-
gies are more desirable in attaining a higher return for the investor. Financial managers usually
recommend several investment strategies to their clients in an attempt to maximize their risk-
adjusted returns. The typical strategies are lump sum and dollar cost averaging. Recently,
value averaging has become popular among some investors.
1.2 A Brief Description of Four Investment Strategies
1.2.1 Lump Sum Investing
Lump Sum (LS) investing requires the investor to deposit the entire investment funds
available to purchase assets up front, holding the assets to the end of a given period of time.
The advantage of LS investing is that the investor or his/her advisor determines an optimal
asset allocation, purchases the desired assets immediately, and begins earning returns on the
chosen portfolio. A disadvantage of the LS strategy is that the investor may inadvertently
commit all of his/her funds at a market high, an inopportune time to invest.
1.2.2 Dollar Cost Averaging
Dollar Cost Averaging (DCA) refers to an investment mechanism in which an investor
invests the same amount of money at regular intervals, such as every week, month, quarter, or
year, over a holding period. When the share price is low, the investor purchases more shares;
when the share price is high, the investor purchases fewer shares. DCA is a simple, forced
savings plan, so it is popular and widely advocated by brokerage firms and mutual funds.
Moreover, DCA allows investors to hedge against regret that results from investing a lump
sum during a market high. Investing a fixed amount of money during stock price declines
results in an increase in the number of shares an investor is able to purchase. Then, when the
stock price appreciates, the investor benefits from the ownership of a larger number of shares.
However, DCA does not have a rule of selling, and consequently has a poor performance during
the next bear market or during unusually large downward spikes in the market price, after a
bull market ends.
31.2.3 Value Averaging
Value Averaging (VA) is a mechanical investment technique proposed by former Harvard
University professor Edleson (1988). VA is a formula-based strategy for making periodic in-
vestments into a portfolio over time. With this method, the investor sets a target value for
the portfolio in each future time period, as a function of the size of the initial investment, the
size of periodic investments, and expected returns. The investor then buys or sells sufficient
amount of money such that the predetermined portfolio value is achieved at each revaluation
point.
During periods of market price decline, the investor is required to purchase relatively many
shares to maintain the portfolio value. Conversely, during rising markets the technique requires
the purchase of relatively few shares to achieve the required value. Therefore, VA is a simple
way to tighten the distribution of returns around the target return function, and it conceptually
does a good job of “buy low, sell high” for volatile investments. Although VA is worthwhile
of sacrificing a small probability of a fabulous gain to cut down the risks of horrendous loss,
it has a few drawbacks. For example, it results in higher transaction costs because of frequent
portfolio rebalancing, and it also requires the resources to increase investment contributions
after a period of negative or lower-than-expected returns.
1.2.4 Threshold Control Investing
The main purpose of this research is to provide a simple investment strategy that can
outperform the above strategies. The investment strategy must be tailored to the unique
needs of each investor, considering the financial position, time horizon, attitude towards risk,
and objectives. We believe that the best strategy is the one offering the highest probability
of a successful outcome given that we cannot know the future in advance. It follows that the
best strategy goes as far as possible to limit the chance of failure, and takes no more risk than
necessary to achieve an acceptable outcome.
Similar to using a control chart to identify process changes in statistical process monitoring,
we can monitor changes in the portfolio value and then determine what is the right action at
4a specific time point. The new strategy we propose is to use threshold control. By setting
appropriate threshold values, this new approach can detect the time points when portfolio
value changes are beyond the tolerance range, and then dictate the asset value all the way to
the target.
Threshold Control (TC) strategy is similar to the VA approach because it is also a formula-
based strategy requiring a target return function. Investors using TC are also concerned with
increasing the cumulative value of their investments by a set amount each period. However,
instead of taking actions in every period as in the VA approach, the portfolio value in the new
approach drifts with the market most of the time because there is no buy or sell actions for
a small deviation from the target return function. Investors will take actions whenever the
portfolio value gets far off-target. Therefore, TC can reduce frequent transactions and result
in lower transaction costs. Also, it decreases the level of discipline on the part of the investor
to stick with the target function, so it becomes more efficient and simply performed.
1.3 The Conflicting Literature on Investment Strategies
There are extraordinary noise, variation, random drift, and dumb luck in the investment
process, so the literature does not provide convincing evidence as to which strategies, including
LS, DCA, and VA, are superior.
A lot of papers compare DCA with LS. The early studies of DCA acknowledge the reduction
of investing risk with the DCA strategy. Investors with an existing sum of money to invest
wish to avoid the regret associated with investing the entire sum at what retroactively was
a market high. To minimize investor regret, financial advisers advocate a gradual transfer of
the investment money into the risky asset. When comparing to “jumping in” to the market
and investing the entire amount in one lump sum, Constantinides (1979) acknowledged DCA’s
ability to reduce the risk of investing, but demonstrated that DCA is theoretically a sub-
optimal investment strategy, which means that DCA is dominated by an optimal non-sequential
investment policy.
Abeysekera and Rosenbloom (2000) used Monte Carlo simulation to develop a model to
5question the belief that DCA investing leads to superior returns. The study showed that DCA
investing led to lower expected returns and lower volatility of returns. For investments in
assets with low volatility, LS was the superior investment strategy. For investments in assets
with high volatility, the results were less clear-cut. LS outperformed DCA, but exposed the
investor to greater risk. In commemorating the 25th anniversary of the Journal of Financial
Planning, the paper by Williams and Bacon (1993, reprinted in June 2004) was honored for
the significance of finding the under performance of DCA compared with LS.
However, there are some papers supporting DCA to be better than LS. Israelsen (1999)
studied the annual holding period returns for 35 of the largest equity mutual funds over a
ten-year period. The DCA strategy led to higher returns for 19 of the 35 funds. The study
concluded that DCA was superior for funds with low volatility while LS was superior for volatile
funds. Greenhut (2006) pointed out that DCA outperformed in downward markets and LS
outperformed in upward markets. Because the latter case was the norm over time, customary
empirical findings in the literature of under performance by DCA were explained.
Several researchers also have compared DCA to LS and VA techniques. Edleson (1988)
used both historical data and simulations to show that the investors were better off with a VA
investment strategy rather than the DCA investing. Marshall and Baldwin (1994) observed
no statistical difference in risk between the DCA and VA methods, while Marshall (2000)
conducted a sequence of simulations and presented extensive data supporting that VA provided
a performance advantage over DCA without incurring additional risk.
Harrington (2001) disputed the findings of Edleson and Marshall. He compared DCA to
VA and LS investing by looking at ten years (1990–2000) of quarterly data for investors who
purchased the S&P 500 index, and found that LS resulted in superior annualized returns,
although DCA outperformed VA.
There are many risk-adjusted return measures used to evaluate and select investment al-
ternatives in the literature. Leggio and Lien (2001) found that DCA did not lead to a higher
Sharpe ratio (i.e., the excess return per unit of standard deviation) compared to LS and VA.
However, variance is a two-sided measure, implying that the individual dislikes any deviation
6from the mean regardless of the direction of the deviation. Using the alternative Sortino ratio
(i.e., the excess return per unit of downside risk) and upside potential ratio (i.e., upside poten-
tial per unit of downside risk), Leggio and Lien (2003) found DCA to be an inferior investment
technique compared to LS and VA.
It is clear that there are conflicting research results about comparisons among LS, DCA,
and VA. One main reason is that there are so many market factors affecting empirical data
sets, and thus different conclusions were drawn based on different scenarios in different studies.
1.4 Literature Review of Stock Price Models
To assess the performances of the LS, DCA, VA, and TC strategies, we need to be able to
model the stock price movements. Since critical parameters and stochastic processes related
to the stock price movements are unknown, mathematical models are important tools for
assessing the performances of different investment strategies. To model the price dynamics of
assets that are subject to uncertainties, various mathematical models in the forms of stochastic
differential equations and time series have been proposed with the hope that they could provide
a reasonable approximation to the true data-generating dynamics.
Among the stochastic processes used to model stock prices, the Brownian motion is the most
commonly used model. It is a stochastic process Bt with independent, stationary increments
that follow a normal distribution. The Brownian motion and financial modeling have been
tied together even since Bachelier (1900) proposed to model the stock price St at time t as
St = S0 + σ1Bt.
However, a distribution of stock returns seems to display a heavy tail with positive excess
kurtosis with a finite tail index. In particular, this excludes stable laws with infinite variance
and the normal distribution. Pareto and t distribution tails reproduce such a behavior, but
the precise form of the tails is difficult to determine. Thus models with exponential tails
(“semi-heavy tails”) have been suggested as alternatives.
As a milestone of quantitative finance, Black and Scholes (1973) used the multiplicative
version of Bachelier’s model to derive the celebrated pricing formula for European call op-
7tions. This model led to the commonly used Black-Scholes model where the log-price follows
a Brownian motion; that is, St = S0exp{(µ1 − σ
2
1
2 )t+ σ1Bt}. The stock price St is also called
a geometric Brownian motion. As the simplest model for modeling stock prices, the geometric
Brownian motion model is still widely used in the modern financial community.
There was little doubt about stock prices following the geometric Brownian motion model
until the year of 1963 when Mandelbrot published his studies based on cotton price changes.
Mandelbrot (1963) pointed out that the histograms of the price changes were too peaked
relative to the normal distribution and the tails of the distributions of the price changes were
so extraordinarily long. Since then, the non-normal character of the distribution of price
changes has been repeatedly observed in various market data.
Two empirical phenomena of stock prices have received much more attentions recently.
First, the distribution of stock prices seems to display a heavy tail with excess kurtosis and
skewness. Moreover, if the geometric Brownian motion model is correct, then the implied
volatility should be constant. In reality, it is widely observed that the volatility curve resembles
a “smile”; in other words, it is a convex curve of the strike price.
Many studies have been conducted to modify the geometric Brownian motion model to
explain the two empirical phenomena. Merton (1976) tried to incorporate jumps into the
diffusion model to fix the problem. He assumed that an asset’s returns process may be de-
composed into three components: a linear drift, a Brownian motion representing normal price
variations, and a compound Poisson process that generates “news” arrivals leading to “abnor-
mal” changes in prices, that is, jumps. Merton further assumed that the jump magnitudes are
log-normally distributed. This special case makes estimation and hypothesis testing tractable
and has become a cornerstone of the jump diffusion model.
Over the past three decades, the log-normal jump diffusion model proposed by Merton has
been extended in various directions by specifying different structures for the drift, diffusion,
and jump components. In particular, the log-normal jump diffusion model has a single jump
component that captures the impact of news on stock prices. News that causes upward jumps
in prices, that is, good news, and news that causes downward jumps in prices, that is, bad
8news, is not distinguished by its intensity or distributional characteristics. Kou (2002) used
an asymmetric double exponential distribution for the jump magnitudes so that the resulting
model does not have the limitation of the simple log-normal jump diffusion model. The double
exponential jump diffusion model has gained popularity because it can capture asymmetric
leptokurtic features and volatility smile features frequently observed in financial data.
A key feature of stock price returns is that large (small) absolute returns tend to be followed
by large (small) absolute returns; that is, there are periods that display high (low) volatility.
This phenomenon is referred to as volatility clustering in finance. During the last decade,
there has been an increasing interest in modeling the dynamic evolution of the volatility using
stochastic volatility (SV) models. These models were proposed by Taylor (1986) as a power-
ful alternative to the traditional deterministic volatility models. In contrast to deterministic
volatility models that assume the volatility is a deterministic function of stock prices, SV mod-
els assume that the volatility has a specific source of randomness. If volatility clustering is the
primary factor in explaining the specific daily stock prices, SV models would be superior to
any independent models.
In view of the uncertainty of empirical assumptions, we apply different stochastic models
discussed above to synthesize existing knowledge of stock price movements. Based on the stock
price dynamics, we examine the performances of the investment strategies in order to achieve
consistent results based on theoretical analysis and comprehensive numerical and simulation
studies.
1.5 Methodology
A critical goal of this study is to examine the performances of the investment strategies
analytically, numerically, and empirically to achieve consistent results. Meanwhile, we propose
a new alternative investment strategy based on statistical process monitoring, and then de-
rive the properties of the new strategy and compare it with the existing typical investment
strategies.
Our approach starts with theoretical analysis. We first choose a general stock returns model
9without distributional assumptions, that is, gross returns being independent and identically
distributed (i.i.d.) with mean µ and variance σ2. Then we choose the i.i.d. t distribution model,
the geometric Brownian motion model, and the double exponential jump-diffusion model as
special cases of the general i.i.d. model. Using assumptions about the distribution of stock
gross returns in a given time period, we derive the expected portfolio return and the standard
deviation of returns for each investment strategy.
Base case studies are prepared using daily, monthly, and quarterly investment time periods
and market price variability based on actual results achieved by the historical S&P 500 index
data. The first data set consists of daily S&P 500 returns (dividends not included) for the
58-year period from January 3, 1950 to December 31, 2007. The data were obtained from
Yahoo.com. These daily returns are then compounded to calculate monthly and quarterly re-
turns for different time-frame investment analyses. The second data set contains monthly S&P
500 returns (dividends included) for the 83-year period from January 1926 to December 2008.
The data were downloaded from jesuswarehouse.com. Similarly, the quarterly compounded
returns are computed for different time period investment analyses. For both data sets, the
mean return of each strategy is assessed and the standard deviation of returns is used as a
measure of risk. To compare the four investment strategies using one metric that accounts for
risk and return, we use a risk-adjusted performance metric, that is, the Sharpe ratio.
There is, of course, no assurance that the past pattern of the stock market returns will
persist in the future. Nonetheless, based on the historical records, we would be well informed
for the possible superiority and inferiority of the strategies and for facilitating the decision to
choose among the different investment strategies.
Based on empirical statistics computed from the case studies, we employ Monte Carlo
simulations to generate stock returns, and then estimate the distributional properties of the
ending returns of the portfolio for each investment strategy. We apply the i.i.d. t distribution
model, the geometric Brownian motion model, the double exponential jump-diffusion model,
and the SV model to simulate stock market gross returns.
Finally, we compare the superiority and inferiority of the four investment strategies under
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different parameter setups. We present results of mean returns and standard deviations of
returns based on theoretical results in Chapter 2 for the i.i.d. model and simulation studies
for the SV model. This approach can be of great assistance to the investor at the time of
investment because it enables the investor to incorporate his/her own expectations into the
model. We also use a three-level fractional factorial design to study the different effects of the
factors with three levels of parameter values and return distribution assumptions, so that we
are able to identify the critical assumptions among those parameters.
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CHAPTER 2. THEORETICAL ANALYSIS OF THE FOUR
INVESTMENT STRATEGIES
2.1 Introduction
In this chapter we approach the problem of comparing the four investment strategies with
theoretical analysis. In order to derive the expected portfolio returns and standard deviations
of returns for the strategies, we make some fundamental assumptions for the standard perfect
market as follows:
1. The investor is a price taker, that is, his/her transactions do not affect market prices.
2. The investor pays no taxes on investment incomes and capital gains. For instance, this
would be the case if the investment is within a tax-deferred account such as an IRA, a
401(k) plan, or a variable annuity.
3. There are no transaction costs in buying or selling assets to reduce analysis complexity.
4. The investor has no limits for borrowing money into his/her side fund account, and hence
we want to impose non-negativity on the investor’s investment value.
2.2 Notation for the Four Investment Strategies
We define the following notation for the strategies:
S ≡ (S1, S2, ..., St): where St is the investment asset price at time t.
R ≡ (R1, R2, ..., Ri, ..., Rt): where Ri = SiSi−1 is the gross return from time i− 1 to time i.
V ≡ (V0, V1, V2, ..., Vt): where Vt is the investor’s investment value at time t. V0 is the
initial investment, assumed to be one; that is, V0 = 1.
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r0: where r0− 1 is the interest rate for the side fund account, assumed to be a constant for
the entire investment period.
Tt: the target investment value at time t. We will use Tt = ν
t, ν > 1; that is, a constant
rate of increase ν for the investment value.
2.2.1 Notation for the LS Approach
As stated in Chapter 1, the LS approach requires the investor to use the entire investment
funds to purchase investment assets up-front and then to hold the assets over a given period
of time. Within the above notation framework, we can specify the following descriptions for
the asset values for the LS approach:
Time Portfolio Value
1 V0R1 = R1
2 V1R2
3 V2R3
... ...
t Vt−1Rt
Therefore, the portfolio value at time t for the LS approach is
Vt = Vt−1 ·Rt =
t∏
i=1
Ri. (2.1)
2.2.2 Notation for the DCA Approach
DCA is a popular investment method with which an investor does not invest the entire
sum of money available immediately; rather, the investor invests a fixed proportion of the
available funds at regular periods over time. This method ensures that the investor does not
invest his/her entire sum at a market high and thus does not regret his/her investment decision
retroactively. We use the following notation for the DCA approach:
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Time Portfolio Value Side Fund Value
1 1TR1
(
1− 1T
)
r0
2 1TR1R2 +
1
TR2
(
1− 1T
)
r20 − 1T r0
3 1TR1R2R3 +
1
TR2R3 +
1
TR3
(
1− 1T
)
r30 − 1T r20 − 1T r0
... ... ...
T 1T
∏T
i=1Ri +
1
T
∏T
i=2Ri + ...+
1
TRT
(
1− 1T
)
rT0 − 1T rT−10 − ...− 1T r0
Note that with the DCA approach the investor invests 1T at each time interval from time
1 to time T . We have
VT =
1
T
T∑
k=1
T∏
i=k
Ri + r
T
0 −
1
T
T∑
i=1
ri0. (2.2)
2.2.3 Notation for the VA Approach
VA allows investors to take advantage of price fluctuations by increasing purchases when
stock prices are low and decreasing or stopping purchases when stock prices are high. The
investor using VA is concerned with increasing the cumulative value of his/her investment by
a set amount each period. It requires a high degree of discipline on the part of the investor to
stick with the strategy. The notation for the VA approach is listed below:
Time Target Value Side Fund Value
1 T1 R1 − T1
2 T2 R2T1 − T2 + (R1 − T1)r0
3 T3 R3T2 − T3 + (R2T1 − T2)r0 + (R1 − T1)r20
... ... ...
t Tt RtTt−1 − Tt + (Rt−1Tt−2 − Tt−1)r0 + ...+ (R1 − T1)rt−10
Let T0 = V0 = 1 and use Tt = ν
t as the target value at time t. Then
Vt = Tt +
t∑
i=1
(RiTi−1 − Ti) rt−i0 = νt +
t∑
i=1
(
Riν
i−1 − νi
)
rt−i0 . (2.3)
2.2.4 Notation for the TC Approach
TC is our new approach, which requires the investor to monitor changes of the portfolio
value, and then to adjust the invested asset to the target value when the return rate Rt is
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outside the predetermined threshold values. Let A be the upper threshold rate, and B be the
lower threshold rate for TC. When applying the TC approach, an investor ends up purchasing
more shares when Rt falls below the lower threshold value B, and purchasing fewer shares
or selling shares when Rt rises beyond the upper threshold value A. Thus TC is suitable for
volatile investments, and it enforces the discipline of buying more shares at low prices and
buying fewer shares or selling shares at high prices.
For the TC approach, we need to define more random variables. Let {Y0, Y1, ..., Yt} be the
investment values and {Z0, Z1, ..., Zt} be the side funds after taking control actions. We use
the following abbreviations: BTRP represents between range portfolio Yt value, and BTRSF
represents between range side fund Zt value; BRP represents beyond range portfolio Yt value,
and BRSF represents beyond range side fund Zt value. The portfolio value is given below:
Time Before Action Target BTRP BTRSF BRP BRSF
1 R1 T1 R1 0 T1 R1 − T1
2 R2Y1 T2 R2Y1 r0Z1 T2 R2Y1 − T2 + r0Z1
3 R3Y2 T3 R3Y2 r0Z2 T3 R3Y2 − T3 + r0Z2
... ... ... ... ... ... ...
t RtYt−1 Tt RtYt−1 r0Zt−1 Tt RtYt−1 − Tt + r0Zt−1
The portfolio value at time t for the TC approach is then
Vt = Yt + Zt = RtYt−1 + r0Zt−1, (2.4)
which is a function of {Y0, Y1, ..., Yt−1} and {Z0, Z1, ..., Zt−1}. Note that Y0 = 1 and Z0 = 0.
Suppose we use predetermined constant values A and B (B < A) to define the threshold
conditions as {B < Rt < A} at each evaluation time t. Then Yt and Zt can be derived
recursively as follows:
Yt = RtYt−1I({B < Rt < A}) + Tt(1− I({B < Rt < A})), (2.5)
Zt = r0Zt−1 + (RtYt−1 − Tt)(1− I({B < Rt < A})), (2.6)
where I(S) is the indicator function that takes the value of 1 if the condition S is true and 0
otherwise.
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2.3 Means and Variances of Investment Values Under the i.i.d. Model
Assume that R1, R2, ..., Rt are i.i.d. with mean µ and variance σ
2. Under this model, we
derive the means and variances of the investment values for each investment strategy.
2.3.1 For the LS Approach
Under the i.i.d. model assumption, we have
E(Vt) = E
(
t∏
i=1
Ri
)
=
t∏
i=1
ERi = µ
t, (2.7)
Var(Vt) = Var
(
t∏
i=1
Ri
)
= E
(
t∏
i=1
Ri
)2
−
(
E
(
t∏
i=1
Ri
))2
=
t∏
i=1
ER2i −
(
t∏
i=1
ERi
)2
= (µ2 + σ2)t − µ2t. (2.8)
2.3.2 For the DCA Approach
The mean and variance of the portfolio value for the DCA approach are
E(VT ) = E
(
1
T
T∑
k=1
T∏
i=k
Ri + r
T
0 −
1
T
T∑
i=1
ri0
)
=
1
T
T∑
k=1
T∏
i=k
E(Ri) + r
T
0 −
1
T
· r
T+1
0 − r0
r0 − 1
=
1
T
T∑
k=1
µT−k+1 + rT0 −
1
T
· r
T+1
0 − r0
r0 − 1
=
1
T
·
(
µT+1 − µ
µ− 1 −
rT+10 − r0
r0 − 1
)
+ rT0 , (2.9)
Var(VT ) = Var
(
1
T
T∑
k=1
T∏
i=k
Ri + r
T
0 −
1
T
T∑
i=1
ri0
)
= Var
(
1
T
T∑
k=1
T∏
i=k
Ri
)
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=
1
T 2
 T∑
k=1
Var
(
T∏
i=k
Ri
)
+ 2
T−1∑
k=1
T∑
l=k+1
Cov
 T∏
i=k
Ri,
T∏
j=l
Rj

=
1
T 2
 T∑
k=1
Var
(
T∏
i=k
Ri
)
+ 2
T−1∑
k=1
T∑
l=k+1
E
 T∏
i=k
Ri ·
T∏
j=l
Rj

−2
T−1∑
k=1
T∑
l=k+1
E
(
T∏
i=k
Ri
)
E
 T∏
j=l
Rj

≡ 1
T 2
(P1 + 2P2 − 2P3), (2.10)
where
P1 =
T∑
k=1
Var
(
T∏
i=k
Ri
)
=
T∑
k=1
E ( T∏
i=k
Ri
)2
−
(
E
(
T∏
i=k
Ri
))2
=
T∑
k=1
(
(µ2 + σ2)T−k+1 − µ2(T−k+1)
)
=
(µ2 + σ2)− (µ2 + σ2)T+1
1− (µ2 + σ2) −
µ2 − µ2(T+1)
1− µ2 , (2.11)
P2 =
T−1∑
k=1
T∑
l=k+1
E
 T∏
i=k
Ri ·
T∏
j=l
Rj

=
T−1∑
k=1
T∑
l=k+1
µl−k(µ2 + σ2)T−l+1
=
T−1∑
k=1
µ(µ2 + σ2)T−k+1 − µT−k+1(µ2 + σ2)
µ2 + σ2 − µ
=
µ
µ2 + σ2 − µ ·
(µ2 + σ2)2 − (µ2 + σ2)T+1
1− (µ2 + σ2) −
µ2 + σ2
µ2 + σ2 − µ ·
µ2 − µT+1
1− µ , (2.12)
and
P3 =
T−1∑
k=1
T∑
l=k+1
E
(
T∏
i=k
Ri
)
E
 T∏
j=l
Rj

=
T−1∑
k=1
T∑
l=k+1
µT−k+1 · µT−l+1
=
T−1∑
k=1
µT−k+1
T∑
l=k+1
µT−l+1
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=
T−1∑
k=1
µT−k+1
(
µ− µT−k+1
1− µ
)
=
µ
1− µ
T−1∑
k=1
µT−k+1 − 1
1− µ
T−1∑
k=1
µ2(T−k+1)
=
µ
1− µ ·
µ2 − µT+1
1− µ −
1
1− µ ·
µ4 − µ2(T+1)
1− µ2 . (2.13)
2.3.3 For the VA Approach
Using the general formula (2.3), we can obtain the mean and variance of the portfolio value
for the VA approach as follows:
E(Vt) = E
(
νt +
t∑
i=1
(
Riν
i−1 − νi
)
rt−i0
)
= νt +
t∑
i=1
(
ERiν
i−1 − νi
)
rt−i0
= νt +
t∑
i=1
(
µνi−1 − νi
)
rt−i0
= νt + (µ− ν)
t∑
i=1
νi−1rt−i0
= νt + (µ− ν)ν
t − rt0
ν − r0 , (2.14)
Var(Vt) = Var
(
νt +
t∑
i=1
(
Riν
i−1 − νi
)
rt−i0
)
= Var
(
t∑
i=1
Riν
i−1rt−i0
)
=
t∑
i=1
ν2i−2r2t−2i0 Var(Ri)
=
ν2t − r2t0
ν2 − r20
· σ2. (2.15)
Note that if ν = µ, that is, when the target return and the mean return are the same, we
have E(Vt) = µ
t, which is the same as that for LS, and Var(Vt) =
µ2t−r2t0
µ2−r20
· σ2, which tends to
be smaller than Var(Vt) for LS. For example, for t = 2, Var(V2) = (µ
2 + r20)σ
2 for VA, and
Var(V2) = (2µ
2 + σ2)σ2 for LS. We have(µ2 + r20)σ
2 < (2µ2 + σ2)σ2 if r0 <
√
µ2 + σ2.
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2.3.4 For the TC Approach
For the TC approach, note that Vt is the sum of Yt and Zt. In order to obtain the mean
and variance of Vt, we need to obtain the means, variances, and covariance of Yt and Zt.
From (2.5) and (2.6), the means of Yt and Zt are
EYt = E (RtYt−1I({B < Rt < A}) + Tt(1− I({B < Rt < A})))
= EYt−1E (RtI({B < Rt < A})) + νt(1− P ({B < Rt < A})),
EZt = E [r0Zt−1 + (RtYt−1 − Tt)(1− I({B < Rt < A}))]
= r0EZt−1 + E (Rt(1− I({B < Rt < A})))EYt−1 − νt(1− P ({B < Rt < A})).
Suppose that we could compute the truncated mean E (RtI ({B < Rt < A})) ≡ µBA, the
truncated variance Var (RtI ({B < Rt < A})) ≡ σ2BA, and the probability 1−P ({B < Rt < A})
≡ q based on the distribution function of Rt. Then we could continue deriving the above for-
mulas and obtain the expectations for Yt and Zt recursively as follows:
EY1 = E (R1I ({B < R1 < A})) + ν (1− P ({B < R1 < A})) = µBA + νq,
EZ1 = E ((R1 − ν) (1− I ({B < R1 < A}))) = µ− µBA − νq,
......
EYt = µBAEYt−1 + νtq = µtBA + νq ·
µtBA − νt
µBA − ν , (2.16)
EZt = r0EZt−1 + (µ− µBA)EYt−1 − νtq = r0EZt−1 + µEYt−1 − EYt. (2.17)
Therefore,
E(Vt) = E(Yt + Zt) = EYt + EZt = r0EZt−1 + µEYt−1. (2.18)
In order to compute the variance of Vt, we can use the results obtained from (2.18) and
need to derive the recursive expressions for EY 2t , EZ
2
t , and EYtZt. We have
EY 21 = E (R1I ({B < R1 < A}) + ν (1− I ({B < R1 < A})))2
= E
(
R21I ({B < R1 < A})
)
+ ν2E (1− I ({B < R1 < A}))2
= µ2BA + σ
2
BA + ν
2q,
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EZ21 = E ((R1 − ν) (1− I ({B < R1 < A})))2
= E (R1 (1− I ({B < R1 < A}))− ν (1− I ({B < R1 < A})))2
= E
[
R21 (1− I ({B < R1 < A}))2
]
− 2νE
[
R1 (1− I ({B < R1 < A}))2
]
+ν2E
[
(1− I ({B < R1 < A}))2
]
= E
[
R21 (1− I ({B < R1 < A}))
]
− 2νE [R1 (1− I ({B < R1 < A}))]
+ν2E [1− I ({B < R1 < A})]
=
(
µ2 + σ2
)
−
(
µ2BA + σ
2
BA
)
− 2ν (µ− µBA) + ν2q,
E(Y1Z1) = E [(R1I ({B < R1 < A})
+ ν (1− I ({B < R1 < A}))) (R1 − ν) (1− I ({B < R1 < A}))]
= νE
(
(R1 − ν) (1− I ({B < R1 < A}))2
)
= νE ((R1 − ν) (1− I ({B < R1 < A})))
= ν (µ− µBA)− ν2q,
......
EY 2t = E (RtYt−1I ({B < Rt < A}) + Tt (1− I ({B < Rt < A})))2
= E (RtYt−1I ({B < Rt < A}))2 + ν2tE (1− I ({B < Rt < A}))2
= E
(
R2t I ({B < Rt < A})
)
EY 2t−1 + ν
2tE (1− I ({B < Rt < A}))
=
(
µ2BA + σ
2
BA
)
EY 2t−1 + ν
2tq, (2.19)
EZ2t = E (r0Zt−1 + (RtYt−1 − Tt) (1− I ({B < Rt < A})))2
= r20EZ
2
t−1 + 2r0E
(
Zt−1
(
RtYt−1 − νt
)
(1− I ({B < Rt < A}))
)
+E
((
RtYt−1 − νt
)2
(1− I ({B < Rt < A}))2
)
= r20EZ
2
t−1 + 2r0E (Zt−1Yt−1Rt (1− I ({B < Rt < A})))
−2r0νtE (Zt−1 (1− I ({B < Rt < A})))}
+E
((
RtYt−1 − νt
)2
(1− I ({B < Rt < A}))
)
= r20EZ
2
t−1 + 2r0E (Zt−1Yt−1)E (Rt (1− I ({B < Rt < A})))− 2r0qνtEZt−1
+E
((
R2tY
2
t−1 − 2νtRtYt−1 + ν2t
)
(1− I ({B < Rt < A}))
)
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= r20EZ
2
t−1 + 2r0 (µ− µBA)E (Zt−1Yt−1)− 2r0qνtEZt−1
+
[(
µ2 + σ2
)
−
(
µ2BA + σ
2
BA
)]
EY 2t−1
−2νt (µ− µBA)EYt−1 + ν2tq, (2.20)
E (YtZt) = E [(RtYt−1I ({B < Rt < A}) + Tt (1− I ({B < Rt < A})))
(r0Zt−1 + (RtYt−1 − Tt) (1− I ({B < Rt < A})))]
= r0E (Yt−1Zt−1RtI ({B < Rt < A}))
+r0ν
tE (Zt−1 (1− I ({B < Rt < A})))
+νtE
((
RtYt−1 − νt
)
(1− I ({B < Rt < A}))
)
= r0µBAE (Yt−1Zt−1) + r0νtqE (Zt−1)
+νt (µ− µBA)E (Yt−1)− ν2tq. (2.21)
Note that
Var (Vt) = EV
2
t − (EVt)2 , (2.22)
EV 2t = E (Yt + Zt)
2 = EY 2t + 2EYtZt + EZ
2
t .
From (2.22), we can use the recursive method to compute the variance of Vt for the TC
approach under the i.i.d. model.
2.4 Means and Variances of Investment Values Under the i.i.d. Model
With the t Distribution
Traditionally, two distributions most commonly used in the analysis of financial asset re-
turns are the normal and log-normal distributions. In practice, both distributions are often
good approximations to the returns of many financial assets. However, for high-frequency fi-
nancial data such as daily returns, most studies have found that the normality assumption for
the distribution of returns or log-returns is violated. The distribution of asset returns is more
peaked in the middle and has much heavier tails compared to the normal distribution.
The use of Student’s t distribution to capture the heavy tails of financial asset returns
goes back to Bollerslev (1987) and Bollerslev and Wooldridge (1992). The probability density
21
function (pdf) of a random variableX following Student’s t distribution with degrees of freedom
ν1 is given by
f(x|µ1, σ1, ν1) =
Γ
(
ν1+1
2
)
(piν1)
1/2 Γ
(ν1
2
)
σ1
(
1 +
(
x− µ1
σ1
)2
/ν1
)−(ν1+1)/2
,
where Γ(a) =
∫∞
0 x
a−1e−x dx is the Gamma function. The above t distribution has a symmetric
and bell-shaped appearance similar to that of the normal distribution, but has heavier tails
that are controlled by the degrees of freedom ν1 and are especially distinguished for small ν1.
Assume that {Rt, t = 1, 2, ...} are i.i.d. t(µ1, σ1, ν1), where t(µ1, σ1, ν1) denotes the above
t distribution. Then Rt−µ1σ1 ∼ tν1 , where tν1 is the standard t distribution with ν1 degrees of
freedom. Note that µ = E(Rt) = µ1 and σ
2 = Var(Rt) =
ν1
ν1−2σ
2
1, for ν1 > 2.
Applying the results in Section 2.3, we have the means and variances of investment values
for the four investment strategies. More specifically, we can plug in µ = µ1 and σ
2 = ν1ν1−2σ
2
1
to (2.7) to (2.15) for the LS, DCA, and VA approaches.
For the TC approach, we have
q = 1− P ({B < Rt < A})
= 1− P
(
B − µ1
σ1
< Wt <
A− µ1
σ1
)
= 1− tν1
(
A− µ1
σ1
)
+ tν1
(
B − µ1
σ1
)
,
where Wt =
Rt−µ1
σ1
∼ tν1 , and tν1(.) is the cumulative distribution function (cdf) of tν1 .
To compute µBA, we have
µBA = E(Rt(I{B < Rt < A}))
= E
(
(µ1 + σ1Wt)
(
I
{
B − µ1
σ1
< Wt <
A− µ1
σ1
}))
= µ1 (1− q) + σ1
∫ A−µ1
σ1
B−µ1
σ1
x
Γ
(
ν1+1
2
)
(piν1)
1/2 Γ
(ν1
2
)
(
1 +
x2
ν1
)− ν1+1
2
dx
= µ1 (1− q) + σ1
Γ
(
ν1+1
2
)
(piν1)
1/2 Γ (ν1/2)
ν1
1− ν1
(1 + (A− µ1)2
ν1σ21
) 1−ν1
2
−
(
1 +
(B − µ1)2
ν1σ21
) 1−ν1
2
 .
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To compute σ2BA, first note that
E
(
R2t (I{B < Rt < A})
)
= E
(
(µ1 + σ1Wt)
2
(
I
{
B − µ1
σ1
< Rt <
A− µ1
σ1
}))
= µ21 (1− q) + 2µ1 (µBA − µ1 (1− q)) + σ21E
(
W 2t
(
I
{
B − µ1
σ1
< Wt <
A− µ1
σ1
}))
= 2µ1µBA − µ21 (1− q) + σ21
∫ A−µ1
σ1
B−µ1
σ1
x2
Γ
(
ν1+1
2
)
(piν1)
1/2 Γ
(ν1
2
)
(
1 +
x2
ν1
)− ν1+1
2
dx.
Let A1 =
A−µ1
σ1
, B1 =
B−µ1
σ1
, A2 = A1
√
ν1−2
ν1
, B2 = B1
√
ν1−2
ν1
, and c(ν1) =
Γ(
ν1+1
2
)
(piν1)
1
2 Γ(
ν1
2
)
. Note
that ∫ A1
B1
x2
(
1 +
x2
ν1
)− ν1+1
2
dx
= ν1
∫ A1
B1
((
1 +
x2
ν1
)
− 1
)(
1 +
x2
ν1
)− ν1+1
2
dx
= ν1
∫ A1
B1
(
1 +
x2
ν1
)− (ν1−2)+1
2
dx− ν1
∫ A1
B1
(
1 +
x2
ν1
)− ν1+1
2
dx
= ν1
∫ A2
B2
(
1 +
u2
ν1 − 2
)− (ν1−2)+1
2 √ ν1
ν1 − 2du− ν1
tν1 (A1)− tν1 (B1)
c (ν1)
= ν1
(√
ν1
ν1 − 2
tν1−2(A2)− tν1−2(B2)
c(ν1 − 2) −
tν1(A1)− tν1 (B1)
c(ν1)
)
.
Thus
E
(
R2t (I{B < Rt < A})
)
= 2µ1µBA − µ21 (1− q)
+σ21c (ν1) ν1
(√
ν1
ν1 − 2
tν1−2 (A2)− tν1−2 (B2)
c (ν1 − 2) −
tν1 (A1)− tν1 (B1)
c (ν1)
)
= 2µ1µBA − µ21 (1− q)
+σ21ν1
(√
ν1
ν1 − 2
c (ν1)
c (ν1 − 2) (tν1−2 (A2)− tν1−2 (B2))− (tν1 (A1)− tν1 (B1))
)
= 2µ1µBA − µ21 (1− q)
+σ21ν1
(√
ν1
ν1 − 2
√
ν1 − 2
ν1
ν1 − 1
ν1 − 2 (tν1−2 (A2)− tν1−2 (B2))− (tν1 (A1)− tν1 (B1))
)
= 2µ1µBA − µ21 (1− q) + σ21ν1
(
ν1 − 1
ν1 − 2 (tν1−2 (A2)− tν1−2 (B2))− (tν1 (A1)− tν1 (B1))
)
= 2µ1µBA − µ21 (1− q) + σ21ν1
ν1 − 1
ν1 − 2 (tν1−2 (A2)− tν1−2 (B2))− σ
2
1ν1 (1− q) ,
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and
σ2BA = E
(
R2t (I{B < Rt < A})
)
− µ2BA
= (2µ1 − µBA)µBA −
(
µ21 + σ
2
1ν1
)
(1− q) + σ21ν1
ν1 − 1
ν1 − 2 (tν1−2 (A2)− tν1−2 (B2)) .
Then following the recursive algorithm for the i.i.d. model and using (2.16) to (2.22), we
can compute the means and variances of investment values for the TC approach under the
i.i.d. model with the t distribution.
2.5 Means and Variances of Investment Values Under the Geometric
Brownian Motion Model
The geometric Brownian motion (GBM) model is the commonly accepted model for asset
pricing in the financial industry. This model assumes that the stock price St follows a GBM with
constant drift µ1 and volatility σ1, which is a continuous-time stochastic process in which the
logarithm of the randomly varying quantity follows a Brownian motion. That is, a stochastic
process St is in the following form:
dSt = µ1Stdt+ σ1StdBt, (2.23)
where {Bt} is a standard Brownian motion.
Applying the Ito formula, we have
dln(St) =
(
µ1 − 1
2
σ21
)
dt+ σ1dBt,
ln(St) = ln(S0) +
(
µ1 − 1
2
σ21
)
t+ σ1Bt.
That is, St has the following analytic solution:
St = S0exp
{(
µ1 − σ
2
1
2
)
t+ σ1Bt
}
. (2.24)
To follow the investment strategy patterns of the discrete form, it is natural to take a basic
period length, for example, a day or a year, and set St0 ≡ S0 as a given constant initial price at
t = t0. Then based on the continuous random process (2.24), we generate the discrete random
sequence as {S0, S1, ..., St, ...}.
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Define R0 = 1, and Rt =
St
St−1 for t = 1, 2, .... Then
Rt = exp
{(
µ1 − 1
2
σ21
)
+ σ1 (Bt −Bt−1)
}
. (2.25)
Because {Bt} is a standard Brownian motion, Bt − Bt−1 has a normal distribution with
mean 0 and variance 1, and {Bt − Bt−1, t = 1, 2, ...} are independent. Thus,
(
µ1 − 12σ21
)
+
σ1 (Bt −Bt−1) has a normal distribution with mean
(
µ1 − 12σ21
)
and variance σ21.
Based on the definition of the log-normal distribution, if a random variable Y has a normal
distribution, then X = eY has a log-normal distribution. Thus the log-normal distribution has
the pdf
f(x|µ0, σ0) = e
−(ln(x)−µ0)2/(2σ20)
xσ0
√
2pi
,
for x > 0, where µ0 and σ0 are the mean and standard deviation of Y . Then the expected
value of X is EX = eµ0+σ
2
0/2 and the variance of X is Var(X) = (eσ
2
0 − 1)e2µ0+σ20 .
Therefore, Rt is log-normally distributed with mean µ = e
µ1 and variance σ2 = e2µ1
(
eσ
2
1 − 1
)
,
that is, µ1 = ln(µ), and σ
2
1 = ln
(
1 + σ
2
µ2
)
; meanwhile, {Rt, t = 1, 2, ...} are also independent.
Thus, the discrete GBM model is a special case of the i.i.d. model.
Applying the results in Section 2.3, we have the means and variances of investment val-
ues for the four investment strategies. More specifically, we can plug in µ = eµ1 and σ2 =
e2µ1
(
eσ
2
1 − 1
)
to (2.7) to (2.15) for the LS, DCA, and VA approaches.
For the TC approach, let Φ(·) denote the cdf of the standard normal random variable.
Then we have
q = 1− P ({B < Rt < A})
= 1− P
({
B < exp
{(
µ1 − 1
2
σ21
)
+ σ1 (Bt −Bt−1)
}
< A
})
= 1− P
 ln (B)−
(
µ1 − 12σ21
)
σ1
< (Bt −Bt−1) <
ln (A)−
(
µ1 − 12σ21
)
σ1

= 1− Φ
 ln (A)−
(
µ1 − 12σ21
)
σ1
+ Φ
 ln (B)−
(
µ1 − 12σ21
)
σ1
 ,
µBA = E (RtI ({B < Rt < A}))
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=
∫ A
B
x · e
−
(
lnx−µ1+12σ
2
1
)2
2σ2
1
x
√
2piσ21
dx
=
∫ lnA
lnB
e
−(t−µ1+12σ
2
1)
2
2σ2
1√
2piσ21
· etdt
=
∫ lnA
lnB
e
−(t−(µ1+12σ
2
1))
2
2σ2
1√
2piσ21
· eµ1dt
= eµ1
Φ
 lnA−
(
µ1 +
1
2σ
2
1
)
σ1
− Φ
 lnB −
(
µ1 +
1
2σ
2
1
)
σ1
 ,
E
(
R2t I ({B < Rt < A})
)
=
∫ A
B
x2 · e
−
(
lnx−µ1+12σ
2
1
)2
2σ2
1
x
√
2piσ21
dx
=
∫ lnA
lnB
e
−(t−µ1+12σ
2
1)
2
2σ2
1√
2piσ21
· e2tdt
=
∫ lnA
lnB
e
−(t−(µ1+32σ
2
1))
2
2σ2
1√
2piσ21
· e2µ1+σ21dt
= e2µ1+σ
2
1
Φ
 lnA−
(
µ1 +
3
2σ
2
1
)
σ1

−Φ
 lnB −
(
µ1 +
3
2σ
2
1
)
σ1
 ,
σ2BA = Var (RtI ({B < Rt < A}))
= E
(
R2t I ({B < Rt < A})
)
− µ2BA
= e2µ1+σ
2
1
Φ
 lnA−
(
µ1 +
3
2σ
2
1
)
σ1

−Φ
 lnB −
(
µ1 +
3
2σ
2
1
)
σ1
− µ2BA.
Then following the recursive algorithm for the i.i.d. model and applying (2.16) to (2.22),
we can obtain the means and variances of investment values for the TC approach under the
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GBM model.
2.6 Means and Variances of Investment Values Under the Double
Exponential Jump-Diffusion Model
Kou (2002) proposed the double exponential jump-diffusion (DEJD) model to capture the
asymmetric heavier tails than those of the normal distribution for modeling the return of
assets. His model assumes that the logarithm of the assent price follows a Brownian motion
plus a compound Poisson process with jump sizes double exponentially distributed. That is,
the model can be express as
dSt
St
= µ1dt+ σ1dBt + d
(
Nt∑
i=1
(Ui − 1)
)
,
where {Bt} is a standard Brownian motion, {Nt} is a Poisson process with intensity λ, and {Ui}
is a sequence of i.i.d. nonnegative random variables such that Yi = ln(Ui) has an asymmetric
double exponential distribution with the pdf
fY (y) = pη1e
−η1yI(y ≥ 0) + (1− p)η2eη2yI(y < 0),
where η1, η2 > 0, and 0 ≤ p ≤ 1. In other words, Y has a mixture distribution of exponential
(η1) and negative exponential (η2) with probabilities p and 1− p, respectively. Meanwhile, all
sources of randomness, {Nt}, {Bt}, and {Ut}, are assumed to be independent.
The Dole´ans-Dade formula provides an explicit solution for the stock price:
St = S0exp
{(
µ1 − 1
2
σ21
)
t+ σ1Bt
} Nt∏
i=1
Ui, t > 0. (2.26)
Note that R0 = 1, and Rt =
St
St−1 for t = 1, 2, .... Then
Rt = exp
{(
µ1 − 1
2
σ21
)
+ σ1 (Bt −Bt−1)
} Nt∏
i=Nt−1+1
Ui, (2.27)
where N0 = 0. Meanwhile,
E(Ui) = E(e
Y )
=
∫ ∞
−∞
ey
[
pη1e
−η1yI (y ≥ 0) + (1− p) η2eη2yI (y < 0)
]
dy
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= p ·
∫ ∞
0
η1e
−(η1−1)ydy + (1− p) ·
∫ 0
−∞
η2e
(η2+1)ydy
= p
η1
η1 − 1 + (1− p)
η2
η2 + 1
,
E
 Nt∏
i=Nt−1+1
Ui
 = E
E
 Nt∏
i=Nt−1+1
Ui|Ns, s ≤ t

= E
 Nt∏
i=Nt−1+1
E (Ui)

= E
((
p
η1
η1 − 1 + (1− p)
η2
η2 + 1
)Nt−Nt−1)
= exp
{(
p
η1
η1 − 1 + (1− p)
η2
η2 + 1
− 1
)
λ
}
,
E(Rt) = E
exp{(µ1 − 1
2
σ21
)
+ σ1 (Bt −Bt−1)
} Nt∏
i=Nt−1+1
Ui

= E
(
exp
{(
µ1 − 1
2
σ21
)
+ σ1 (Bt −Bt−1)
})
E
 Nt∏
i=Nt−1+1
Ui

= exp
{
µ1 +
(
p
η1
η1 − 1 + (1− p)
η2
η2 + 1
− 1
)
λ
}
. (2.28)
E
(
U2i
)
= E
(
e2Y
)
=
∫ ∞
−∞
e2y
[
pη1e
−η1yI (y ≥ 0) + (1− p) η2eη2yI (y < 0)
]
dy
= p ·
∫ ∞
0
η1e
−(η1−2)ydy + (1− p) ·
∫ 0
−∞
η2e
(η2+2)ydy
= p
η1
η1 − 2 + (1− p)
η2
η2 + 2
,
E
 Nt∏
i=Nt−1+1
U2i
 = E
E
 Nt∏
i=Nt−1+1
U2i |Ns, s ≤ t

= E
 Nt∏
i=Nt−1+1
E
(
U2i
)
= E
((
p
η1
η1 − 2 + (1− p)
η2
η2 + 2
)Nt−Nt−1)
= exp
{(
p
η1
η1 − 2 + (1− p)
η2
η2 + 2
− 1
)
λ
}
,
E
(
R2t
)
= E
exp{(µ1 − 1
2
σ21
)
+ σ1 (Bt −Bt−1)
} Nt∏
i=Nt−1+1
Ui
2
= E
(
exp
{(
µ1 − 1
2
σ21
)
+ σ1 (Bt −Bt−1)
})2
E
 Nt∏
i=Nt−1+1
U2i

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= exp
{
2µ1 + σ
2
1 +
(
p
η1
η1 − 2 + (1− p)
η2
η2 + 2
− 1
)
λ
}
,
Var (Rt) = E
(
R2t
)
− (E (Rt))2
= exp
{
2µ1 + σ
2
1 +
(
p
η1
η1 − 2 + (1− p)
η2
η2 + 2
− 1
)
λ
}
−exp
{
2µ1 + 2
(
p
η1
η1 − 1 + (1− p)
η2
η2 + 1
− 1
)
λ
}
. (2.29)
Note that {Rt, t = 1, 2, ...} are i.i.d. under the model assumptions. Thus, the DEJD model
is also a special case of the i.i.d. model. Applying the results in Section 2.3, we have the means
and variances of investment values for the four investment strategies. More specifically, we can
plug in µ = E(Rt) in (2.28) and σ
2 = Var(Rt) in (2.29) to (2.7) to (2.15) for the LS, DCA,
and VA approaches.
Note that from (2.28) and (2.29), we have
µ1 = ln(µ)−
(
p
η1 − 1 −
1− p
η2 + 1
)
λ,
and
σ21 = ln
(
1 +
σ2
µ2
)
− 2
(
p
(η1 − 1) (η1 − 2) +
1− p
(η2 + 1) (η2 + 2)
)
λ.
For given µ and σ2 for the mean and variance of asset returns, many choices of (µ1, σ
2
1, λ,
p, η1, η2) are possible. This makes the DEJD model quite flexible for modeling asset returns.
For the TC approach, first we consider
ln(Rt) =
{(
µ1 − 1
2
σ21
)
+ σ1 (Bt −Bt−1)
}
+
Nt∑
i=Nt−1+1
Yi. (2.30)
The characteristic function of ln(Rt) becomes
φ(z) = E (exp {izln (Rt)})
= E
(
exp
{
iz
[(
µ1 − 1
2
σ21
)
+ σ1 (Bt −Bt−1)
]})
E
 Nt∏
i=Nt−1+1
exp {izYi}

= exp
{
−σ
2
1z
2
2
+ i
(
µ1 − σ
2
1
2
)
z
}
E
E
 Nt∏
i=Nt−1+1
exp {izYi} |Ns, s ≤ t

= exp
{
−σ
2
1z
2
2
+ i
(
µ1 − σ
2
1
2
)
z
}
E
 Nt∏
i=Nt−1+1
E (exp {izYi})
 ,
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where
E (exp{izYi}) =
∫ ∞
−∞
eizy
[
pη1e
−η1yI (y ≥ 0) + (1− p) η2eη2yI (y < 0)
]
dy
= pη1
∫ ∞
0
e−(η1y−izy)dy + (1− p) η2
∫ ∞
0
e−(η2y+izy)dy
=
pη1
η1 − iz +
(1− p) η2
η2 + iz
,
E
 Nt∏
i=Nt−1+1
E (exp{izYi})
 = E ({ pη1
η1 − iz +
(1− p) η2
η2 + iz
}Nt−Nt−1)
= exp
{
λ
[(
pη1
η1 − iz +
(1− p)η2
η2 + iz
)
− 1
]}
.
Thus
φ (z) = exp
{
−σ
2
1z
2
2
+ i
(
µ1 − σ
2
1
2
)
z + λ
[(
pη1
η1 − iz +
(1− p) η2
η2 + iz
)
− 1
]}
. (2.31)
Note that the jump size distribution has a density with respect to the Lebesgue measure.
Thus St is absolutely continuous everywhere except at zero (because convolution of absolutely
continuous distributions is absolutely continuous). Accordingly, Rt is also absolutely contin-
uous everywhere except at zero. Meanwhile,
∫ |φ(z)|dz ≤ ∫ exp{−σ21z22 + λ}dz < ∞. By the
inversion formula for the density function, the pdf of ln(Rt) has the following form:
f(x) =
1
2pi
∫ ∞
−∞
e−izxφ(z)dz
=
1
2pi
∫ ∞
−∞
exp
{
−izx− σ
2
1z
2
2
+ i
(
µ1 − σ
2
1
2
)
z + λ
[(
pη1
η1 − iz +
(1− p)η2
η2 + iz
)
− 1
]}
dz.
Thus,
q = 1− P ({B < Rt < A})
= 1− P ({ln(B) < ln(Rt) < ln(A)})
= 1−
∫ ln(A)
ln(B)
f(x)dx,
µBA = E(RtI({B < Rt < A}))
= E(eln(Rt)I({ln(B) < ln(Rt) < ln(A)}))
=
∫ ln(A)
ln(B)
exf(x)dx,
σ2BA = E
(
R2t I({B < Rt < A})
)
− µ2BA
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= E
(
e2ln(Rt)I({ln(B) < ln(Rt) < ln(A)}
)
− µ2BA
=
∫ ln(A)
ln(B)
e2xf(x)dx− µ2BA.
It seems difficult to derive a simple, explicit formula for f(x). This makes numerical calcu-
lations of q, µBA, and σBA difficult. However, we can use a simulation method to approximate
those values. Afterwards, we can use the recursive algorithm for the i.i.d. model and apply
(2.16) to (2.22) to get the means and variances for the TC approach under the DEJD model.
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CHAPTER 3. EMPIRICAL AND SIMULATION STUDIES
In last chapter, we compared the investment strategies using theoretical analysis. Case
studies by historical data and computer simulations can be a valuable tool to provide more
relevant and critical information to the investor for choosing among the four different strategies.
This chapter demonstrates empirically and numerically the performances of the investment
strategies.
For each investment period, we first use historical stock market returns to compare the
performances of the investment strategies. Then, under several stochastic models, we compute
and compare the returns and the standard deviations of returns for each investment strategy
in a series of numerical simulations.
3.1 Simulation Methods
For the purpose of this study, the investor is presumed to have chosen a risky asset to invest
in. We choose the S&P 500 index because it is a widely followed benchmark that many fund
managers and financial advisors are measured against when evaluating their portfolio returns.
Although the investor cannot invest in the index directly, many S&P 500 index funds such
as the Vanguard 500 Index Fund can be used as an approximation to the index. In addition,
we consider the investment strategies based on different investment intervals, that is, daily,
monthly, and quarterly return analysis. A five-year time horizon is assumed throughout this
chapter. This time horizon is also suggested by many investment writers; see, for example,
Gitman and Joehnk (1984). Assumptions stated in Section 2.1 are also made in our analyses.
The investor needs to decide carefully whether these assumptions are appropriate.
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3.1.1 Investment Strategy Review
For the LS strategy, the investor deposits the entire fund available for investing in a risky
asset and calculates the return at the end of each investment time period.
For the DCA strategy, the investor deposits 1/T of his/her initial fund available for investing
in the risky asst at the time of initial investment, and keeps the remaining fund in a money
market fund with a fixed interest rate r0 − 1. At the end of each investment period, an
additional 1/T of the investor’s initial fund is transferred from the money market fund to the
risky asset until the entire initial fund is invested in the risky asset. The final investment value
is then calculated for the portfolio.
For the VA strategy, the goal is to increase the value of the investment by a set amount each
period. We assume that the investor evaluates the investment strategy at each period t and
wants the value of the investment to be νt. At the end of the time period t, if the investment
value is more than νt, the extra amount is put in the money market fund. Conversely, if the
investment value is less than νt, the investor transfers money from the money market fund to
the risky asset to bring its value to νt.
For the TC strategy, we still assume that the investor evaluates the investment strategy at
the end of each period and the target value is still νt. However, the investor only buys and
sells the risky asset to bring it to the target value when the change in the investment value is
outside a predetermined range. The TC strategy is suitable for volatile investments and easily
facilitates the “buy low, sell high” adage.
3.1.2 The Simulation Method for the i.i.d. Model With the t Distribution
Under the i.i.d. model with the t distribution, the gross returns {Rt, t = 1, 2, ...} follow
the t(µ1, σ1, ν1) distribution. Two important properties of the t distribution are useful for our
simulations:
• For ν1 > 2, an estimate of the parameter σ21 may be obtained as σˆ21 = ν1−2ν1 s2, where s2
is the sample variance of gross returns.
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• Let X ∼ t(µ1, σ1, ν1) and W ∼ t(0, 1, ν1). Then the pdf of X may be derived from the
pdf of W as f(x|µ1, σ1, ν1) = 1σ1 f(w|0, 1, ν1), where w =
x−µ1
σ1
. That is, X−µ1σ1 has the
standard Student t distribution with degrees of freedom ν1.
Thus Rt−µ1σ1 has the standard t distribution with mean 0, variance
ν1
ν1−2 , and degrees of
freedom ν1. Also, we have µ = E(Rt) = µ1 and σ
2 = Var(Rt) =
ν1
ν1−2σ
2
1, for ν1 > 2.
For our simulations, we can use empirical data to estimate the degrees of freedom ν1, and
then use the first property to obtain an estimate of the parameter σ21. By using the sample mean
as the estimated µ1, we can use the second property to generate i.i.d. returns {Rt, t = 1, 2, ...}
that follow Student’s t distribution t(µ1, σ1, ν1).
3.1.3 The Simulation Method for the Geometric Brownian Motion Model
Under the GBM model, the logarithm of the gross return is
ln(Rt) =
(
µ1 − 1
2
σ21
)
+ σ1(Bt −Bt−1). (3.1)
In order to obtain the simulated ln(Rt) on a fixed time grid t = 1, 2, ..., n, we only need
to simulate n independent normal random variables G1, G2,..., Gn with mean µ1 − 12σ21 and
variance σ21. By back transforming ln(Rt) to Rt, that is, Gt to exp(Gt), we have the simulated
gross returns for the GBM model.
3.1.4 The Simulation Method for the Double Exponential Jump-Diffusion Model
Under the DEJD model, the logarithm of the gross return Rt is
ln(Rt) =
(
µ1 − 1
2
σ21
)
+ σ1(Bt −Bt−1) +
Nt∑
i=Nt−1+1
Yi. (3.2)
In order to simulate ln(Rt) on a fixed time grid t = 1, 2, ..., n, we use the algorithm of Cont
and Tankov (2004):
• Simulate n independent normal random variables G1, G2, ..., Gn with mean µ1− 12σ21 and
variance σ21.
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• Simulate a random variable N from the Poisson distribution with parameter nλ, where
N gives the total number of jumps on the interval [0, n].
• Simulate N independent random variables, U1, U2, ..., UN , uniformly distributed on the
interval [0, n]. These variables correspond to the jump times.
• Simulate the jump sizes of N independent random variables Y1, Y2, ..., YN with the pdf
fY (y) = pη1e
−η1yI(y ≥ 0) + (1− p)η2eη2yI(y < 0).
That is, generate a mixture distribution of exponential (η1) and negative exponential
(η2) with probabilities p and 1− p, respectively.
Therefore, the discretized trajectory of ln(Rt) is given by
ln(Rt) = Gt +
N∑
i=1
I(t− 1 ≤ Ui < t)Yi. (3.3)
Back transforming ln(Rt) to Rt, we then have the simulated returns based on the DEJD
model.
3.1.5 The Simulation Method for the Stochastic Volatility Model
During the last decade, there has been increasing interest in modeling the dynamic evolution
of the volatility of high-frequency series of stock returns using the stochastic volatility (SV)
model. A SV model may be expressed as follows:
Rt = µ+ σtt,
ln
(
σ2t
)
= α0 + α1ln
(
σ2t−1
)
+ at,
where {t} is a sequence of i.i.d. normal random variables with mean 0 and variance 1, and
{at} is a sequence of i.i.d. normal random variables with mean 0 and variance σ2a. The {t}
and {at} are independent. The log transformation is used to ensure that σ2t is positive for all
t. Also, |α1| < 1 is imposed to satisfy the stationarity requirement for the {lnσ2t } sequence.
The main characteristic of the SV model is that the volatility is modeled as an unobserved
latent variable, and therefore the exact likelihood function is difficult to evaluate and max-
imum likelihood (ML) estimation of the parameters is not straightforward. However, lately,
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several estimators that overcome this problem have been proposed and the literature on SV
models have grown substantially; see Gerlach and Tuyl (2006). There are three main classes
of estimators:
• estimators based on the method of moments (MM), such as the generalized method of
moments (GMM),
• estimators based on the ML principle, such as the numerical methods based on impor-
tance sampling and Markov Chain Monte Carlo (MCMC) procedures, and
• estimators based on an auxiliary model, such as the indirect inference and efficient
method of moments (EMM).
For our simulations, we used the GMM to estimate µ, α0, α1, and σ
2
a. Note that the
logarithm of volatility follows an autoregressive (AR)(1) process. By setting lnσ20 as a normal
random variable with mean α01−α1 and variance
σ2a
1−α21
, we can simulate ln(σ2t ), where t = 1, ..., n.
Then we can get the simulated Rt by multiplying the σt with t and then adding µ.
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3.2 Daily Data Analysis
3.2.1 The Base Case Study
The sample consists of 14,591 daily return observations of the S&P 500 index, covering the
period from January 3, 1950 to December 31, 2007. There are 7817 days (i.e., 53.6%) showing
positive net returns (i.e., gross returns are not less than one). Table 3.1 reports the summary
statistics of the daily net returns of the S&P 500 index during the period.
Table 3.1 Summary Statistics of Daily Net Returns
Mean SD Skewness Excess Kurtosis Min. Max.
0.0003 0.0089 −0.8951 24.1428 −0.2047 0.0910
Note that the mean daily net return of the S&P 500 index is close to zero and the daily
returns have a small standard deviation. The skewness is not a serious problem because it is
close to zero. However, the daily returns tend to have high excess kurtosis, indicating that the
daily returns have heavy tails.
As far as daily investment strategies are concerned, it makes sense to compare only the LS
and TC strategies, because DCA and VA would result in too many transactions. In order to
examine the outcomes for investors regardless of the starting date chosen, we used daily data
sequentially to make the comparisons between LS and TC. There are approximately 1261 days
in a five-year period, which yields 1260 daily returns. Thus, in the first run, we used data from
January 3, 1950 to January 14, 1955. In the second run, we used data from January 4, 1950
to January 17, 1955, and so on. Consequently, there were 13,332 runs in all.
For each run, LS and TC were applied to the sequential daily returns and the five-year
final returns were computed, respectively. For the TC strategy, we chose ν = 1.10(1/252), r0 =
1.05(1/252), A = 1.0048, and B = 0.9960, where B and A were chosen to be the empirical first
and third quantiles of the daily gross returns, respectively. Figure 3.1 shows the last sequence
of our case study, that is, the most recent five years of daily returns, and the comparisons of
returns for LS and TC during the period.
The overall results show that there were 9474 (i.e., 71.1%) runs for which the TC strategy
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Figure 3.1 Daily Returns From December 30, 2002 to December 31, 2007
and Return Comparisons for LS and TC on One Dollar Growth
outperformed the LS strategy. Table 3.2 presents some summary statistics and the Sharpe
ratio (SR) for the five-year net returns for the empirical daily data for LS and TC. Figure 3.2
gives the histograms of these returns.
Meanwhile, we used non-overlap five-year returns to perform the paired t-test. That is, we
used the data from January 3, 1950 to January 14, 1955 to compute the first five-year final
returns for daily data for LS and TC, and took the difference. Then we used the data from
January 17, 1955 to January 18, 1960 to compute the second five-year final returns for LS and
TC, and took the difference, and so on. In this way, there are 11 mean differences, and the
paired t-test shows that the mean return for TC is not significantly higher than that for LS
with a p-value of 0.60.
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Table 3.2 Comparisons of Five-Year Net Returns for the Empirical Daily
Data
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3299 0.1606 0.4850 0.5220 0.7620 2.1950 0.4840 1.0783
TC −0.6590 0.1943 0.5538 0.5342 0.8120 1.6750 0.4468 1.1956
Five−Year Net Returns for LS for the Empirical Data
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Figure 3.2 Comparisons of Five-Year Net Returns for the Empirical Daily
Data
3.2.2 Simulation Studies
3.2.2.1 The i.i.d. t Distribution Model for Daily Data
The simulation was prepared using a five-year investment time horizon, that is, 1260 daily
returns. We assumed that the daily returns of the S&P 500 index follow i.i.d. Student’s t
distribution with a mean µ1 = 1.10
1/252 = 1.00038. Then we applied the generalized method
of moments (GMM) (Zivot and Wang, 2005) to compute the iterative efficient estimator of
the degrees-of-freedom parameter ν1 based on the historical data from January 3, 1950 to
December 31, 2007. We got a reasonable fit by taking ν1 = 4 degrees of freedom. In addition,
by the properties of the t distribution, an estimate of σ1 is
√
ν1−2
ν1
s2 = 0.0063. Using the
estimated µ1, σ1, and ν1, we simulated daily returns, which are i.i.d. t(µ1, σ1, ν1).
39
For each run, after simulating daily returns {Rt, t = 1, 2, ..., 1260}, we applied the LS and
TC strategies to compute the returns, respectively. We used the same model parameters and
repeated the process for 10,000 times. The simulation results showed that there were 6872
runs with the TC strategy giving higher returns. The results are summarized in Table 3.3 and
presented in Figure 3.3. The paired t-test (i.e., the z test for 10,000 mean return differences)
shows that the mean return for TC is significantly higher than that for LS with the p-value
less than 0.0004.
Table 3.3 Comparisons of Five-Year Net Returns for Daily Data Under the
i.i.d. t Distribution Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.5576 0.2370 0.5300 0.6010 0.8820 3.4970 0.5073 1.1855
TC −0.7781 0.3040 0.6080 0.6060 0.9030 2.1830 0.4449 1.3612
Five−Year Net Returns for LS Under the i.i.d. t Distribution
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Figure 3.3 Comparisons of Five-Year Net Returns for Daily Data Under
the i.i.d. t Distribution Model
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3.2.2.2 The Geometric Brownian Motion Model for Daily Data
We applied the method in Section 3.1.3 and used µ1 = 0.0003 and σ1 = 0.0089 based on
the sample mean and sample standard deviation of the historical daily returns of the S&P
500 index to run the simulations for 10,000 times. For each run, we applied the LS and TC
strategies to compute the five-year returns, respectively.
The simulation results showed that there were 6946 runs for which the TC strategy out-
performed the LS strategy. The results are summarized in Table 3.4 and presented in Figure
3.4. The paired t-test shows that the mean return for TC is significantly higher than that for
LS with the p-value less than 0.0001.
Table 3.4 Comparisons of Five-Year Net Returns for Daily Data Under the
GBM Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3695 0.1840 0.4700 0.5360 0.7990 3.7930 0.4899 1.0944
TC −0.6449 0.2420 0.5480 0.5450 0.8450 2.2440 0.4436 1.2285
Five−Year Net Returns for LS Under the GBM Model
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Figure 3.4 Comparisons of Five-Year Net Returns for Daily Data Under
the GBM Model
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3.2.2.3 The Double Exponential Jump-Diffusion Model for Daily Data
There are six unknown parameters under the DEJD model. Based on the ML estimates
from Ramezani and Zeng (2007), the model parameters are set as µ1 = 0.0007, σ1 = 0.0045,
η1 = 174, η2 = 186, λ = 1.05, and p = 0.45. In this case, we computed the mean and the
standard deviation of the logarithm of returns using the following results. Recall that
ln(Rt) =
(
µ1 − σ
2
1
2
)
+ σ1(Bt −Bt−1) +
Nt∑
i=Nt−1+1
Yi.
Thus,
E(ln(Rt)) =
(
µ1 − σ
2
1
2
)
+ E
E
 Nt∑
i=Nt−1+1
Yi|Ns, s ≤ t

=
(
µ1 − σ
2
1
2
)
+ E
(
(Nt −Nt−1)
(
p
η1
− 1− p
η2
))
=
(
µ1 − σ
2
1
2
)
+ λ
(
p
η1
− 1− p
η2
)
,
Var(ln(Rt))
= σ21 + Var
 Nt∑
i=Nt−1+1
Yi

= σ21 + Var
E
 Nt∑
i=Nt−1+1
Yi|Ns, s ≤ t
+ E
Var
 Nt∑
i=Nt−1+1
Yi|Ns, s ≤ t

= σ21 + Var
(
(Nt −Nt−1)
(
p
η1
− 1− p
η2
))
+E
(
(Nt −Nt−1)
(
p(1− p)
(
1
η1
+
1
η2
)2
+
(
p
η21
+
1− p
η22
)))
= σ21 + λ
2
(
p
η1
− 1− p
η2
)2
+ λ
(
p(1− p)
(
1
η1
+
1
η2
)2
+
(
p
η21
+
1− p
η22
))
.
We found that E(ln(Rt)) = 0.0003 and SD(ln(Rt)) =
√
Var(ln(Rt)) = 0.0092. Note that
the sample mean and sample standard deviation of log-returns for the empirical S&P 500 index
are 0.0003 and 0.0090, respectively, which are similar to our estimates.
We ran the simulations for 10,000 times. For each run, we applied the same model param-
eters. The results showed that there were 6922 runs for which the TC strategy was better.
The results are summarized in Table 3.5 and plotted in Figure 3.5. The paired t-test shows
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that the mean return for TC is significantly higher than that for LS with the p-value less than
0.0001.
Table 3.5 Comparisons of Five-Year Net Returns for Daily Data Under the
DEJD Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3800 0.1820 0.4680 0.5480 0.8260 5.4070 0.5126 1.0696
TC −0.6592 0.2420 0.5570 0.5570 0.8740 2.6580 0.4618 1.2063
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Figure 3.5 Comparisons of Five-Year Net Returns for Daily Data Under
the DEJD Model
3.2.2.4 The Stochastic Volatility Model for Daily Data
We applied the GMM algorithm stated in the book of Zivot and Wang (2005) to the
historical daily returns of the S&P 500 index to estimate the model parameters for the SV
model. Then we used the estimates µ = 1.0003, α0 = −0.7353, α1 = 0.8887, and σ2a = 0.36352
to run the simulations for 10,000 times. For each run, we applied the LS and TC strategies to
compute the five-year returns, respectively.
The simulation results showed that there were 6907 runs for which the TC strategy out-
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performed the LS strategy. The results are summarized in Table 3.6 and plotted in Figure 3.6.
The paired t-test shows that the mean return for TC is significantly higher than that for LS
with a p-value of 0.0006.
Table 3.6 Comparisons of Five-Year Net Returns for Daily Data Under the
SV Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.5406 0.0683 0.4228 0.5687 0.9061 7.1190 0.7136 0.7969
TC −0.9997 0.1565 0.5679 0.5760 0.9876 3.0590 0.6146 0.9371
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Figure 3.6 Comparisons of Five-Year Net Returns for Daily Data Under
the SV Model
3.2.3 Discussions of Daily Data Analysis
Combining the results of Tables 3.2 to 3.6, Table 3.7 reports the results for the daily data
analysis under different models. Note that “SR” stands for the Sharpe ratio and “OF” stands
for outperforming frequency in the table.
For both the case study and different model-based simulations, TC always gave higher
mean returns, smaller standard deviations, and accordingly larger Sharpe ratios. Meanwhile,
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Table 3.7 Comparisons of Five-Year Net Returns for Daily Data
Min. Mean Max. SD SR OF
Case Study
LS −0.3299 0.5220 2.1950 0.4840 1.0783 28.94%
TC −0.6590 0.5342 1.6750 0.4468 1.1956 71.06%
t Distribution
LS −0.5576 0.6010 3.4970 0.5073 1.1855 31.28%
TC −0.7781 0.6060 2.1830 0.4449 1.3612 68.72%
GBM Model
LS −0.3695 0.5360 3.7930 0.4899 1.0944 30.54%
TC −0.6449 0.5450 2.2440 0.4436 1.2285 69.46%
DEJD Model
LS −0.3800 0.5480 5.4070 0.5126 1.0696 30.78%
TC −0.6592 0.5570 2.6580 0.4618 1.2063 69.22%
SV Model
LS −0.5406 0.5687 7.1190 0.7136 0.7969 30.93%
TC −0.9997 0.5760 3.0590 0.6146 0.9371 69.07%
the TC strategy was superior to the LS strategy around 70% of the time. If the daily returns
have a weak dependence structure in the SV model, TC could earn more returns. Since TC
forces investors to monitor their portfolios within a suitable range, the variability of returns
(as measured by the standard deviation) is always lower for the TC strategy. The LS strategy
requires investors to put all funds in the risky asset up front. This is why LS always has higher
minimum and maximum returns. Using the Sharpe ratio as the standard, TC is a better
investing strategy than LS.
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3.3 Monthly Data Analysis
3.3.1 The Base Case Study by Aggregating the Daily Data
There are 696 calendar months from January 3, 1950 to December 31, 2007. In order to
obtain more monthly returns, we used the sequential counting method. Note that there are
approximately 252 trading days in a year, and hence 21 trading days in a month. So we used
the S&P 500 index closing prices on January 3, 1950 and February 1, 1950 to compute the first
monthly return. Then we used the closing prices on January 4, 1950 and February 2, 1950 to
compute the second monthly return, and so on.
By applying this sequential counting method, there are 14,571 monthly returns from Jan-
uary 3, 1950 to December 31, 2007. Among them, there are 8824 months (i.e., 60.6%) with
positive net returns. Furthermore, monthly returns of the S&P 500 index during the period
have the summary statistics in Table 3.8. Compared to daily returns, monthly returns have a
larger standard deviation, but a smaller excess kurtosis.
Table 3.8 Summary Statistics of Monthly Net Returns
Mean SD Skewness Excess Kurtosis Min. Max.
0.0073 0.0415 −0.4412 2.5507 −0.2889 0.1941
Based on the historical data, we compared the five-year returns for the LS, DCA, VA, and
TC strategies. We compared the returns for the strategies from January 3, 1950 to January
14, 1955 in the first run. Then we used the data from January 4, 1950 to January 17, 1955
in the second run, and so on. For each run, the model parameters were set as follows. For
VA, let ν = 1.081/12 = 1.0064 and r0 = 1.05
1/12 = 1.0041. For TC, let ν = 1.101/12 = 1.0080,
r0 = 1.05
1/12 = 1.0041, A = 1.0327, and B = 0.9835, where B and A equal the first and third
quantiles of historical monthly gross returns. Figure 3.7 shows the most recent monthly return
sequence of our case study and comparisons of returns for LS, DCA, VA, and TC during the
period.
Consequently, there were 13,332 runs for our monthly analysis case study. We obtained
the results in Table 3.9 and Figure 3.8. There were 2497 (i.e., 18.73%), 3598 (i.e., 26.99%),
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Figure 3.7 Monthly Returns From December 27, 2002 to December 31,
2007 and Return Comparisons for LS, DCA, VA, and TC on
One Dollar Growth
1399 (i.e., 10.49%), and 5838 (i.e., 43.79%) runs, respectively, for which LS, DCA, VA, and
TC gave the highest returns.
We also performed the paired t-test for the mean return difference between LS and TC
using non-overlap 5-year returns. That is, we used the data from January 3, 1950 to January
14, 1955 to compute the first five-year final returns for monthly data for LS and TC, and took
the difference. Then we used the data from January 17, 1955 to January 18, 1960 to compute
the second five-year final returns for LS and TC, and took the difference, and so on. In this
way, there are 11 mean differences, and the paired t-test shows that the mean return for TC
is not significantly higher than that for LS with the p-value higher than 0.05.
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Table 3.9 Comparisons of Five-Year Net Returns for Empirical Monthly
Data
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3299 0.1606 0.4849 0.5223 0.7616 2.1953 0.4844 1.0783
DCA −0.2123 0.2336 0.3732 0.3881 0.4835 1.1243 0.2363 1.6424
VA −0.5428 0.2154 0.5443 0.5243 0.7852 1.6020 0.4193 1.2505
TC −0.6075 0.2131 0.5554 0.5364 0.8101 1.6724 0.4401 1.2189
Five−Year Net Returns for LS for the Empirical Data
Returns
Fr
eq
ue
nc
y
−1 0 1 2 3
0
50
0
10
00
15
00
20
00
Five−Year Net Returns for DCA for the Empirical Data
Returns
Fr
eq
ue
nc
y
−1 0 1 2 3
0
50
0
10
00
15
00
20
00
Five−Year Net Returns for VA for the Empirical Data
Returns
Fr
eq
ue
nc
y
−1 0 1 2 3
0
50
0
10
00
15
00
20
00
Five−Year Net Returns for TC for the Empirical Data
Returns
Fr
eq
ue
nc
y
−1 0 1 2 3
0
50
0
10
00
15
00
20
00
Figure 3.8 Comparisons of Five-Year Net Returns for the Empirical
Monthly Data
3.3.2 The Base Case Study for the Calendar Monthly Data
Secondly, we used the data set containing the S&P 500 index monthly returns (dividends
included) for the 83 years from January 1926 to December 2008. There are 996 calendar
months in all. Among them, there are 616 months (i.e., 61.9%) with positive net returns.
Furthermore, monthly net returns of the S&P 500 index during the period have the summary
statistics in Table 3.10.
Based on the historical data, we compared the five-year net returns for the LS, DCA, VA,
and TC strategies. We compared the returns of the strategies from January 1926 to December
1930 in the first run. Then we used the data from February 1926 to January 1931 in the second
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Table 3.10 Summary Statistics of Monthly Net Returns (dividends in-
cluded)
Mean SD Skewness Excess Kurtosis Min. Max.
0.0094 0.05524 0.3687 9.6812 −0.2973 0.4256
run, and so on. Similarly, we applied the same parameter setup in Section 3.3.1. Figure 3.9
shows the most recent monthly return sequence of our case study and comparisons of returns
for LS, DCA, VA, and TC during the period.
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Figure 3.9 Monthly Returns From January 2004 to December 2008 and
Return Comparisons for LS, DCA, VA, and TC on One Dollar
Growth
Consequently, there were 937 runs for our monthly analysis case study. We obtained the
results in Table 3.11 and Figure 3.10. There were 318 (i.e., 33.94%), 133 (i.e., 14.19%), 87
49
(i.e., 9.28%), and 399 (i.e., 42.58%) runs, respectively, for which LS, DCA, VA, and TC gave
the highest returns.
Table 3.11 Comparisons of Five-Year Net Returns for Empirical Monthly
Data
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.6146 0.3380 0.6990 0.7602 1.1487 4.4959 0.6444 1.1798
DCA −0.5474 0.3128 0.4789 0.4928 0.6530 1.4387 0.3076 1.6023
VA −1.0992 0.4613 0.7495 0.7401 1.0679 2.6675 0.4938 1.4985
TC −1.2529 0.4634 0.7770 0.7661 1.1186 2.7691 0.5205 1.4718
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Figure 3.10 Comparisons of Five-Year Net Returns for the Empirical
Monthly Data
We also considered non-overlap five-year returns to run the paired t-test. That is, we used
the monthly returns from January 1926 to December 1930 to compute the first five-year final
returns for LS and TC, and took the difference. Then we used the monthly returns from
January 1931 to December 1935 to compute the second five-year final returns for LS and TC,
and took the difference, and so on. In this way, there are 16 mean differences, and the paired
t-test shows that the mean return for TC is not significantly higher than that for LS with a
p-value of 0.12.
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3.3.3 Simulation Studies
3.3.3.1 The i.i.d. t Distribution Model for Monthly Data
Based on the method for generating i.i.d. returns with Student’s t distribution, we first
simulated daily returns of five years using the same model parameters as in Section 3.2.2.1,
and computed the monthly returns from the daily returns. We then computed the five-year
returns for the LS, DCA, VA, and TC strategies. We repeated the simulation procedures for
10,000 times.
Table 3.12 Comparisons of Five-Year Net Returns for Monthly Data Under
the i.i.d. t Distribution Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3561 0.2420 0.5350 0.6130 0.8860 3.9880 0.5125 1.1958
DCA −0.2886 0.2500 0.4010 0.4300 0.5750 1.7070 0.2529 1.6999
VA −0.5041 0.3080 0.5940 0.5980 0.8740 2.2090 0.4197 1.4260
TC −0.5298 0.3120 0.6080 0.6130 0.9030 2.2970 0.4400 1.3939
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Figure 3.11 Comparisons of Five-Year Net Returns for Monthly Data Un-
der the i.i.d. t Distribution Model
The results show that there were 2361, 2099, 1397, and 4143 runs, respectively, for which
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LS, DCA, VA, and TC gave the highest returns. The results are summarized in Table 3.12 and
plotted in Figure 3.11. The paired t-test shows that the mean return for TC is significantly
higher than that for LS with the p-value less than 0.0001.
3.3.3.2 The Geometric Brownian Motion Model for Monthly Data
We applied the method in Section 3.1.3 and used the model parameters µ1 = 0.0073 and
σ1 = 0.0412 to run the simulations for 10,000 times. These two parameters were obtained from
the sample mean and sample standard deviation from the moment estimation method. For
each run, we applied the LS, DCA, VA, and TC strategies to compute the five-year returns,
respectively.
Table 3.13 Comparisons of Five-Year Net Returns for Monthly Data Under
the GBM Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3694 0.1650 0.4440 0.5240 0.7940 3.5680 0.4985 1.0518
DCA −0.1774 0.2170 0.3650 0.3960 0.5420 1.6960 0.2490 1.5901
VA −0.5995 0.2180 0.5130 0.5190 0.8100 2.1100 0.4302 1.2056
TC −0.6413 0.2150 0.5250 0.5300 0.8360 2.1870 0.4509 1.1763
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Figure 3.12 Comparisons of Five-Year Net Returns for Monthly Data Un-
der the GBM Model
The results show that there were 1827, 2742, 1373, and 4058 runs, respectively, for which
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LS, DCA, VA, and TC gave the highest returns. The results are summarized in Table 3.13 and
plotted in Figure 3.12. The paired t-test shows that the mean return for TC is significantly
higher than that for LS with the p-value less than 0.0001.
3.3.3.3 The Double Exponential Jump-Diffusion Model for Monthly Data
Using the algorithm in Section 3.1.4, we first simulated the daily returns of five years under
the DEJD model using the same model parameters as in Section 3.2.2.3, and then aggregated
the daily returns to obtain the monthly returns. Meanwhile, we computed the five-year returns
for the LS, DCA, VA, and TC strategies for each run. The simulation procedures were repeated
for 10,000 times.
Table 3.14 Comparisons of Five-Year Net Returns for Monthly Data Under
the DEJD Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3864 0.1730 0.4590 0.5380 0.8130 4.2200 0.5089 1.0573
DCA −0.1891 0.2190 0.3670 0.3970 0.5460 2.1070 0.2528 1.5712
VA −0.6255 0.2320 0.5310 0.5340 0.8300 2.2810 0.4358 1.2245
TC −0.6629 0.2300 0.5430 0.5460 0.8530 2.3690 0.4566 1.1948
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Figure 3.13 Comparisons of Five-Year Net Returns for Monthly Data Un-
der the DEJD Model
The results show that there were 1886, 2604, 1440, and 4070 runs, respectively, for which
53
LS, DCA, VA, and TC gave the highest returns. The results are summarized in Table 3.14 and
plotted in Figure 3.13. The paired t-test shows that the mean return for TC is significantly
higher than that for LS with the p-value less than 0.0001.
3.3.3.4 The Stochastic Volatility Model for Monthly Data
Similar to the DEJD model, we first simulated the daily returns of five years under the SV
model, and then used the daily returns to compute the monthly returns using the same model
parameters as in Section 3.2.2.4. We then computed the five-year returns for the LS, DCA,
VA, and TC strategies. The simulation procedures were repeated for 10,000 times.
Table 3.15 Comparisons of Five-Year Net Returns for Monthly Data Under
the SV Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.5412 0.0749 0.4322 0.5711 0.9131 9.1070 0.7113 0.8027
DCA −0.3876 0.1661 0.3583 0.4121 0.5997 3.4590 0.3456 1.1923
VA −0.9611 0.1574 0.5545 0.5671 0.9616 3.3240 0.5813 0.9755
TC −0.9931 0.1534 0.5694 0.5811 0.9964 3.480 0.6099 0.9527
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Figure 3.14 Comparisons of Five-Year Net Returns for Monthly Data Un-
der the SV Model
The results show that there were 1706, 2907, 1491, and 3896 runs, respectively, for which
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LS, DCA, VA, and TC gave the highest returns. The results are summarized in Table 3.15 and
plotted in Figure 3.14. The paired t-test shows that the mean return for TC is significantly
higher than that for LS with the p-value less than 0.0001.
3.3.4 Discussions of Monthly Data Analysis
Combining Tables 3.11 to 3.15, Table 3.16 reports the results for the monthly data analysis
under different models. In the table, “SR” represents the Sharpe ratio and “OF” represents
outperforming frequency.
Table 3.16 Comparisons of Five-Year Net Returns for Monthly Data
Min. Mean Max. SD SR OF
Case Study
LS −0.3299 0.5223 2.1953 0.4844 1.0783 18.73%
DCA −0.2123 0.3881 1.1243 0.2363 1.6424 26.99%
VA −0.5428 0.5243 1.6020 0.4193 1.2505 10.49%
TC −0.6075 0.5364 1.6724 0.4401 1.2189 43.79%
t Distribution
LS −0.3561 0.6130 3.9880 0.5125 1.1958 23.61%
DCA −0.2886 0.4300 1.7070 0.2529 1.6999 20.99%
VA −0.5041 0.5980 2.2090 0.4197 1.4260 13.97%
TC −0.5298 0.6130 2.2970 0.4400 1.3939 41.43%
GBM Model
LS −0.3694 0.5240 3.5680 0.4985 1.0518 18.27%
DCA −0.1774 0.3960 1.6960 0.2490 1.5901 27.42%
VA −0.5995 0.5190 2.1100 0.4302 1.2056 13.73%
TC −0.6413 0.5300 2.1870 0.4509 1.1763 40.58%
DEJD Model
LS −0.3864 0.5380 4.2200 0.5089 1.0573 18.86%
DCA −0.1891 0.3970 2.1070 0.2528 1.5712 26.04%
VA −0.6255 0.5340 2.2810 0.4358 1.2245 14.40%
TC −0.6629 0.5460 2.3690 0.4566 1.1948 40.70%
SV Model
LS −0.5412 0.5711 9.1070 0.7113 0.8027 17.06%
DCA −0.3876 0.4121 3.4590 0.3456 1.1923 29.07%
VA −0.9611 0.5671 3.3240 0.5813 0.9755 14.91%
TC −0.9931 0.5811 3.4800 0.6099 0.9527 38.96 %
The results indicate that no strategy is always superior, but the case study and different
model simulations lead to similar rankings among the investing strategies. In particular, TC
has the highest mean returns; LS and VA give mean returns similar to those for TC. However,
the mean returns for DCA are consistently and substantially below those for the other three
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strategies. On the other hand, the risk of DCA, as measured by the standard deviation of
returns, is the lowest, and LS has the highest risk. The difference between the standard
deviations of TC and VA is tiny in all cases. Similarly, the Sharpe ratio ranks DCA as the best
investing strategy, with LS the least desirable investing strategy. The TC and VA strategies
lead to similar Sharpe ratios.
In terms of minimum and maximum returns, the patterns of stock returns are crucial.
Intuitively speaking, if stocks trend up more than expected, LS dominates and achieves the
maximum return because it results in buying low up front. If stocks trend down, DCA dom-
inates and achieves the best minimum return, as it allows buying later at a lower price. The
TC and VA strategies yield the worst minimum returns because of borrowing money to buy
stocks that are falling when coupled with reasonable riskless return rates of the money market
fund.
Furthermore, nearly half of the time, TC outperformed other strategies; about one-fourth
of the time, DCA outperformed LS, VA, and TC.
For the majority of the scenarios for which TC outperforms VA, little difference can be
seen based on different measures between VA and TC. Intuitively, more frequent adjusting
would lead to a higher return and a lower volatility. However, our results indicate that the
gains from re-balancing during each period are small if investors select the target returns
appropriately. This finding is significant although not unexpected. Another interesting finding
from the comparisons is that, compared to LS, VA and TC can increase returns while reducing
the investor’s exposure to risk.
3.4 Quarterly Data Analysis
3.4.1 The Base Case Study by Aggregating the Daily Data
We used 21 trading days in a month and hence 63 trading days in a quarter. We applied a
similar sequential counting method to that in Section 3.2. There are 14,529 quarterly returns
from January 3, 1950 to December 31, 2007 with 9484 quarters (i.e., 65.3%) of positive net
returns. The summary statistics of the quarterly net returns are listed in Table 3.17.
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Table 3.17 Summary Statistics of Quarterly Net Returns
Mean SD Skewness Excess Kurtosis Min. Max.
0.0221 0.0710 −0.3141 1.5887 −0.3017 0.3940
We used the quarterly data sequentially and computed five-year returns for LS, DCA, VA,
and TC, respectively. Similarly, we computed the quarterly returns for the four strategies from
January 3, 1950 to January 14, 1955 in the first run, from January 4, 1950 to January 17, 1955
in the second run, and so on. For each run, the model parameters were set as follows. For
VA, let ν = 1.081/4 = 1.0194 and r0 = 1.05
1/4 = 1.0123. For TC, let ν = 1.101/4 = 1.0241,
r0 = 1.05
1/4 = 1.0123, A = 1.0675, and B = 0.9813, where B and A equal the first and
third quantiles of historical quarterly gross returns. Figure 3.15 shows the most recent return
sequence of our case study and comparisons of returns for the four strategies.
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Figure 3.15 Quarterly Returns From March 31, 2003 to December 31, 2007
and Return Comparisons for LS, DCA, VA, and TC on One
Dollar Growth
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Consequently, there were 13,332 runs in all. The results show that there were 2670 (i.e.,
20.03%) , 3627 (i.e., 27.21%), 1388 (i.e., 10.41%), and 5647 (i.e., 42.36%) runs, respectively, for
which LS, DCA, VA, and TC gave the highest returns. The results are summarized in Table
3.18 and plotted in Figure 3.16.
Table 3.18 Comparisons of Five-Year Net Returns for the Empirical Quar-
terly Data
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3299 0.1606 0.4849 0.5223 0.7616 2.1953 0.4844 1.0783
DCA −0.2230 0.2312 0.3766 0.3923 0.4926 1.1656 0.2437 1.610
VA −0.5056 0.2145 0.5451 0.5222 0.7810 1.6429 0.4211 1.2402
TC −0.5775 0.2141 0.5555 0.5348 0.8048 1.7623 0.4411 1.2125
Five−Year Net Returns for LS for the Empirical Data
Returns
Fr
eq
ue
nc
y
−1 0 1 2 3
0
50
0
10
00
15
00
20
00
Five−Year Net Returns for DCA for the Empirical Data
Returns
Fr
eq
ue
nc
y
−1 0 1 2 3
0
50
0
10
00
15
00
20
00
Five−Year Net Returns for VA for the Empirical Data
Returns
Fr
eq
ue
nc
y
−1 0 1 2 3
0
50
0
10
00
15
00
20
00
Five−Year Net Returns for TC for the Empirical Data
Returns
Fr
eq
ue
nc
y
−1 0 1 2 3
0
50
0
10
00
15
00
20
00
Figure 3.16 Comparisons of Five-Year Net Returns for the Empirical Quar-
terly Data
We also performed the paired t-test for the mean return difference for the quarterly data
between LS and TC using non-overlap five-year returns. That is, we used the data from
January 3, 1950 to January 14, 1955 to compute the first five-year final returns for quarterly
data for LS and TC, and took the difference. Then we used the data from January 17, 1955 to
January 18, 1960 to compute the second five-year final returns for LS and TC, and took the
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difference, and so on. In this way, there are 11 mean differences, and the paired t-test shows
that the mean return for TC is not significantly higher than that for LS with the p-value higher
than 0.05.
3.4.2 The Base Case Study for the Calendar Quarterly Data
There are 332 calendar quarters from January 1926 to December 2008. Among them, there
are 226 quarters (i.e., 68.1%) with positive net returns. Furthermore, quarterly net returns of
the S&P 500 index during the period have the summary statistics in Table 3.19.
Table 3.19 Summary Statistics of Quarterly Net Returns
Mean SD Skewness Excess Kurtosis Min. Max.
0.0298 0.1132 1.9788 17.6632 −0.3768 0.8884
We still used the sequential counting method for the five-year net returns for the LS, DCA,
VA, and TC strategies. That is, we compared the returns for the strategies from the first
quarter of 1926 to the fourth quarter of 1930 in the first run. Then we used the data from
the second quarter of 1926 to the first quarter of 1931 in the second run, and so on. For
each run, the model parameters were set as follows. For VA, let ν = 1.081/4 = 1.0194 and
r0 = 1.05
1/4 = 1.0123. For TC, let ν = 1.101/4 = 1.0241, r0 = 1.05
1/4 = 1.0123, A = 1.0845,
and B = 0.9787, where B and A equal the first and third quantiles of historical quarterly gross
returns. Figure 3.17 shows the most recent quarterly return sequence of our case study and
comparisons of returns for the four strategies.
Consequently, there were 313 runs for our quarterly analysis case study. We obtained the
comparison results in Table 3.20 and Figure 3.18. There were 102 (i.e., 32.59%), 33 (i.e.,
10.54%), 47 (i.e., 15.02%), and 131 (i.e., 41.85%) runs, respectively, for which LS, DCA, VA,
and TC gave the highest returns. The results are summarized in Table 3.20 and plotted in
Figure 3.18.
We also used non-overlap five-year returns to perform the paired t-test. That is, we used
the quarterly returns from the first quarter of 1926 to the fourth quarter of 1930 to compute
the first five-year final returns for LS and TC, and took the difference. Then we used the
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Figure 3.17 Quarterly Returns From the First Quarter of 2004 to the
Fourth Quarter of 2008 and Return Comparisons for LS, DCA,
VA, and TC on One Dollar Growth
quarterly returns from the first quarter of 1931 to the fourth quarter of 1935 to compute the
second five-year final returns for LS and TC, and took the difference, and so on. In this way,
there are 16 mean differences, and the paired t-test shows that the mean return for TC is not
significantly higher than that for LS with a p-value of 0.09.
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Table 3.20 Comparisons of Five-Year Net Returns for Empirical Quarterly
Data
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.6108 0.3379 0.6760 0.7612 1.1512 4.2304 0.6516 1.1684
DCA −0.5509 0.3255 0.4853 0.5015 0.6511 1.3478 0.3181 1.5768
VA −0.9987 0.4641 0.7472 0.7728 1.0758 2.8977 0.4926 1.5688
TC −1.1395 0.4844 0.7888 0.7991 1.1319 2.9574 0.5236 1.5260
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Figure 3.18 Comparisons of Five-Year Net Returns for the Empirical Quar-
terly Data
3.4.3 Simulation Studies
3.4.3.1 The i.i.d. t Distribution Model for Quarterly Data
Under the i.i.d. model with Student’s t distribution, we generated the five-year daily
returns using the same model parameters as in Section 3.2.2.1, and used the daily data to
compute the quarterly returns. We then computed the five-year returns for LS, DCA, VA, and
TC, respectively. Based on 10,000 replications, there were 2615, 2158, 1592, and 3635 runs,
respectively, for which LS, DCA, VA, and TC gave the highest returns. The simulation results
are summarized in Table 3.21 and plotted in Figure 3.19. The paired t-test shows that the
mean return for TC is significantly higher than that for LS.
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Table 3.21 Comparisons of Five-Year Net Returns for Quarterly Data Un-
der the i.i.d. t Distribution Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.5061 0.2510 0.5390 0.6140 0.9120 4.8630 0.5194 1.1950
DCA −0.2027 0.2520 0.4120 0.4410 0.5960 3.2020 0.2637 1.6723
VA −0.5087 0.3110 0.5900 0.6000 0.8850 2.5150 0.4249 1.4127
TC −0.5211 0.3090 0.6030 0.6210 0.9100 2.6490 0.4441 1.3822
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Figure 3.19 Comparisons of Five-Year Net Returns for Quarterly Data Un-
der the i.i.d. t Distribution Model
3.4.3.2 The Geometric Brownian Motion Model for Quarterly Data
Under the GBM model, we used the method in Section 3.1.3 to simulate quarterly returns
Rt. We used µ1 = 0.0214 and σ1 = 0.0692, and ran the simulations for 10,000 times. For each
run, we used LS, DCA, VA, and TC to compute the five-year returns, respectively. The results
showed that there were 1859, 2756, 1555, and 3830 runs, respectively, for which LS, DCA, VA,
and TC gave the highest returns. The simulation results are summarized in Table 3.22 and
plotted in Figure 3.20. Furthermore, the paired t-test shows that the mean return for TC is
significantly higher than that for LS with the p-value less than 0.0001.
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Table 3.22 Comparisons of Five-Year Net Returns for Quarterly Data Un-
der the GBM Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3702 0.1780 0.4370 0.5040 0.7600 3.5760 0.4547 1.1088
DCA −0.1896 0.2240 0.3710 0.3990 0.5430 1.8500 0.2440 1.6336
VA −0.5642 0.2270 0.4970 0.5020 0.7700 2.0740 0.3998 1.2557
TC −0.5733 0.2220 0.5070 0.5120 0.7960 2.1610 0.4180 1.2257
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Figure 3.20 Comparisons of Five-Year Net Returns for Quarterly Data Un-
der the GBM Model
3.4.3.3 The Double Exponential Jump-Diffusion Model for Quarterly Data
Using the method in Section 3.1.4, we simulated daily returns first using the same model
parameters as in Section 3.2.2.3, and then calculated the quarterly returns based on the sim-
ulated daily returns. Afterwards, we used LS, DCA, VA, and TC to compute the five-year
returns, respectively, for each of 10,000 simulation runs. The results showed that there were
1843, 2610, 1646, and 3901 runs, respectively, for which LS, DCA, VA, and TC gave the high-
est returns. The paired t-test shows that the mean return for TC is significantly higher than
that for LS with a p-value of 0.0001. The simulation results are summarized in Table 3.23 and
plotted in Figure 3.21.
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Table 3.23 Comparisons of Five-Year Net Returns for Quarterly Data Un-
der the DEJD Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.3849 0.1787 0.4630 0.5404 0.8185 3.4580 0.4999 1.0810
DCA −0.2116 0.2131 0.3683 0.4032 0.5527 1.7770 0.2618 1.5405
VA −0.5968 0.2379 0.5312 0.5389 0.8353 2.0730 0.4366 1.2342
TC −0.6272 0.2332 0.5430 0.5511 0.8614 2.1790 0.4579 1.2035
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Figure 3.21 Comparisons of Five-Year Net Returns for Quarterly Data Un-
der the DEJD Model
3.4.3.4 The Stochastic Volatility Model for Quarterly Data
Under the SV model, we simulated the daily returns of five years using the same model
parameters as in Section 3.2.2.4, and then used the daily returns to compute the quarterly
returns. We then computed the five-year returns for LS, DCA, VA, and TC strategies. We
repeated the simulation procedures for 10,000 times. The results show that there were 1718,
2882, 1577, and 3823 runs, respectively, for which LS, DCA, VA, and TC gave the highest
returns. The simulation results are summarized in Table 3.24 and plotted in Figure 3.22. The
paired t-test shows that the mean return for TC is significantly higher than that for LS with
the p-value less than 0.0001.
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Table 3.24 Comparisons of Five-Year Net Returns for Quarterly Data Un-
der the SV Model
Min. 1st Qu. Median Mean 3rd Qu. Max. SD SR
LS −0.5649 0.0721 0.4330 0.5696 0.9089 5.7140 0.7050 0.8078
DCA −0.3518 0.1636 0.3641 0.4189 0.6143 2.6710 0.3601 1.1630
VA −0.9586 0.1640 0.5555 0.5658 0.9604 2.8250 0.5907 0.9577
TC −0.9999 0.1583 0.5693 0.5794 0.9940 2.9010 0.6192 0.9356
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Figure 3.22 Comparisons of Five-Year Net Returns for Quarterly Data Un-
der the SV Model
3.4.4 Discussions of Quarterly Data Analysis
Combining Tables 3.21 to 3.24, Table 3.25 reports the results for the quarterly data analysis
for the case study and different models. Note that “SR” stands for the Sharpe ratio and “OF”
stands for outperforming frequency.
Many of the simulation results for the quarterly data are pretty similar to those for the
monthly data. Those who believe LS to be superior seem to focus solely on marginally best
maximum returns while ignoring higher potential risks. As always, the variability of returns,
as measured by the standard deviation, is the highest for LS. DCA consistently remains an
inferior investing strategy to other strategies with respect to the mean returns, but it is favored
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Table 3.25 Comparisons of Five-Year Net Returns for Quarterly Data
Min. Mean Max. SD SR OF
Case Study
LS −0.3299 0.5223 2.1953 0.4844 1.0783 20.03%
DCA −0.2230 0.3923 1.1656 0.2437 1.610 27.21%
VA −0.5056 0.5222 1.6429 0.4211 1.2402 10.41%
TC −0.5775 0.5348 1.7623 0.4411 1.2125 42.36%
t Distribution
LS −0.5061 0.6140 4.8630 0.5194 1.1950 26.15%
DCA −0.2027 0.4410 2.2020 0.2637 1.6723 21.58%
VA −0.5087 0.6000 2.5150 0.4249 1.4127 15.92%
TC −0.5211 0.6210 2.6490 0.4441 1.3822 36.35%
GBM Model
LS −0.3702 0.5040 3.5760 0.4547 1.1088 18.59%
DCA −0.1896 0.3990 1.8500 0.2440 1.6336 27.56%
VA −0.5642 0.5020 2.0740 0.3998 1.2557 15.55%
TC −0.5733 0.5120 2.1610 0.4180 1.2257 38.30%
DEJD Model
LS −0.3849 0.5430 3.4580 0.4999 1.0810 18.43%
DCA −0.2116 0.4032 1.7770 0.2618 1.5405 26.10%
VA −0.5968 0.5389 2.0730 0.4366 1.2342 16.46%
TC −0.6272 0.5511 2.1790 0.4579 1.2035 39.01%
SV Model
LS −0.5649 0.5696 5.7140 0.7050 0.8078 17.18%
DCA −0.3518 0.4189 2.6710 0.3601 1.1630 28.82%
VA −0.9586 0.5658 2.8250 0.5907 0.9577 15.77%
TC −0.9999 0.5794 2.9010 0.6192 0.9356 38.23%
in terms of the standard deviation or the Sharpe ratio. Those results confirm that DCA is
a conservative investing strategy best suited for investors interested in a forced savings plan
when applied to very risky assets. It seems that TC might produce higher investment returns.
Meanwhile, TC dominates LS, DCA, and VA investing for outperforming frequency; that is,
TC won around 40% of all simulations. It is surprising that VA won so few times compared
to TC, although they had similar performances by other measures.
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CHAPTER 4. COMPREHENSIVE NUMERICAL AND SIMULATION
STUDIES
4.1 Methodology
4.1.1 Introduction
In the preceding chapter, the results were based on historical data and simulated returns
from one set of parameters. The relative superiority of the investment strategies may depend
on the parameter setups and market dynamics. In this chapter, we conduct comprehensive
numerical and simulation studies to explore the effects of different combinations of parameter
values and return distributions. We use one month as the time period in our studies, because
it is representative and has similar results to those based on the daily and quarterly analyses,
as seen in the previous chapter. We consider how various combinations of the time horizon T ,
expected return µ, market volatility σ, risk-free rate r0, target return rate ν, and threshold
values A and B affect the means and standard deviations of returns for the LS, DCA, VA, and
TC strategies under different models of stock gross returns.
We consider the i.i.d. and SV models for the daily gross returns. In particular, we consider,
as special cases of the i.i.d. model, the i.i.d. t distribution, GBM, and DEJD models for the TC
strategy. Note that all these models are developed based on daily gross return data. When the
daily gross returns are i.i.d. or in particular, follow the GBM model, the monthly gross returns
are also i.i.d. or follow the GBM model, respectively. In these cases, the means and standard
deviations of returns for LS, DCA, VA, and TC can be obtained by numerical calculations
based on the theoretical results in Chapter 2, with one month being the time period. Note
that the numerical results for LS, DCA, and VA do not depend on particular i.i.d. models as
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long as the models have the same µ and σ, and the mean returns do not depend on σ.
The results for TC do depend on particular i.i.d. models. Thus we give results for the
i.i.d. t distribution, GBM, and DEJD models, respectively. The choice of parameters for the t
distributions and DEJD models also affects the results for TC because q, µBA, and σBA in the
formulas in Chapter 2 depend on the specific return distribution. When the daily gross returns
follow the i.i.d. t distribution or DEJD model, the monthly gross returns are still i.i.d., but no
longer follow the i.i.d. t distribution or DEJD model. In this case, we obtain the values of q,
µBA, and σBA for monthly gross returns via extensive simulations.
For the SV model, the mean returns are the same as those for the i.i.d. model with the
same µ for LS, DCA, and VA. The mean returns for the TC can also be obtained numerically
using the mean return formula in Chapter 2, except that the values of q and µBA need to
be obtained via extensive simulations, as in the case of i.i.d. t distribution or DEJD model.
However, no formulas are available for the standard deviations of returns for the SV model.
Thus we will use simulations to obtain both the means and standard deviations of returns for
LS, DCA, VA, and TC for the SV model.
4.1.2 Selection of Parameter Values
We select the following values of T , µ, σ, r0, ν, A, and B as the standard setup in our
studies:
T = 240, µ = 1.007, σ = 0.08, r0 = 1.004, ν = 1.008, A = F (0.9), B = F (0.1), (4.1)
where F (·) is the cdf for monthly gross returns. That is, our standard setup has 240 months
(20 years) of investment time horizon, with an expected monthly net return of 0.7%, market
volatility of 8%, net risk-free rate of 0.4%, net target return rate of 0.8%, and threshold values
of 10% and 90% quantiles of the monthly stock returns (i.e., portfolio adjustments would occur
once every five months on average for TC).
To study the effects of individual parameters, we vary the value of each parameter one-at-
a-time while keeping the values of the other parameters at their standard setup. For example,
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to study the effect of the time horizon, we vary T from 60 to 600 months (i.e., 5, 10, 15, · · · , 50
years) while keeping other parameters at the values set in (4.1).
To study the effects of the parameters simultaneously, we select three values for each of
the six parameters, T, µ, σ, r0, ν, and (A,B), with the center point being the standard setup.
Then we use a 36−3 fractional factorial design from Wu and Hamada (2000) to obtain 27
representative combinations of these parameter values to study the performances of the LS,
DCA, VA, and TC strategies.
4.1.3 Simulation Methods
To obtain the values of q, µBA, and σBA for monthly gross returns for TC for the i.i.d. t
distribution or DEJD model, we first generate 21 daily gross returns to obtain one monthly
gross return for the model under consideration. Then we repeat this process four million
times, generating four million monthly gross returns. This allows us to obtain very accurate
and precise values of q, µBA, and σBA in each case.
To generate daily gross returns for the i.i.d. t distribution and DEJD models, first note
that the mean and variance of daily gross returns are given by µ0 = µ
1/21 and σ20 = (µ
2 +
σ2)1/21 − µ2/21 for any i.i.d. model. Then for the i.i.d. t distribution model, we use µ1 = µ0
and σ21 =
ν1−2
ν1
σ20 to generate daily gross returns; for the DEJD model, we use
µ1 = ln(µ0)− λ
(
p
η1 − 1 −
1− p
η2 + 1
)
and
σ21 = ln
(
1 +
σ20
µ20
)
− 2λ
(
p
(η1 − 1)(η1 − 2) +
1− p
(η2 + 1)(η2 + 2)
)
to generate daily gross returns. Unless otherwise stated, we choose ν1 = 4, λ = 1.05, p =
0.45, ((η1 − 1)σ0)−1 = 0.6 and ((η2 + 1)σ0)−1 = 0.55, based on the estimated parameters from
the historical S&P 500 index daily returns in the previous chapter. Here, we use the scaled
values for η1 and η2 because ((η1− 1)σ0)−1 and ((η2 + 1)σ0)−1 represent the mean net returns
of upward and downward jumps, respectively, in units of σ0, the standard deviation of daily
gross returns.
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For the SV model, we first generate 21 daily stock gross returns to obtain one monthly
gross return, and then generate T monthly gross returns. Next we apply the four investment
strategies to these returns to obtain their corresponding returns at the end of period T . This
process is repeated for 100,000 times, generating 100,000 ending net returns for each investment
strategy. Finally we compute the sample mean and sample standard deviation of these 100,000
return values. Note that, before applying the TC strategy, the threshold values A and B are
obtained separately based on one million independent monthly gross returns.
To generate daily gross returns for the SV model, we need to obtain the model parameters
µ0, α0, α1, and σa, where µ0 is the mean daily gross return. Unless otherwise stated, we will
use σa = 0.4 and α1 = 0.9, based on the estimates from the previous chapter for the historical
S&P 500 index daily gross returns. For given monthly gross return values µ and σ, µ0 and α0
can be obtained as follows. Let
Rdt = µ0 + σtt, t = 1, · · · , 21,
denote the daily gross returns for the 21 trading days of a month. Then for the monthly gross
return R =
∏21
t=1R
d
t , we have µ = E(R) = µ
21
0 . By the second-order δ-method,
µ2 + σ2 = E(R2) = E
(
21∏
t=1
Rdt
)2
= E
[
E
(
21∏
t=1
(µ0 + σtt)
2|σt, t ≤ 21
)]
= E
(
21∏
t=1
(µ20 + σ
2
t )
)
≈ (µ20 + σ20)21 + (µ20 + σ20)19
∑
1≤s<t≤21
Cov(σ2s , σ
2
t ),
where
σ20 = E(σ
2
t ) = exp
(
α0
1− α1 +
σ2a
2(1− α21)
)
.
Furthermore, for 1 ≤ s < t ≤ 21, we have
Cov(σ2s , σ
2
t ) = E(σ
2
sσ
2
t )− E(σ2s)E(σ2t )
= E
[
exp(lnσ2s + lnσ
2
t )
]
− σ40
= σ40
[
exp
(
αt−s1 σ
2
a
1− α21
)
− 1
]
.
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The last equality follows from the fact that lnσ2s + lnσ
2
t is normally distributed with mean
2α0/(1− α1) and variance 2σ2a(1 + αt−s1 )/(1− α21). In summary, we have
µ2 + σ2 ≈ (µ20 + σ20)21 + (µ20 + σ20)19σ40
 ∑
1≤s<t≤21
(
exp
(
αt−s1 σ
2
a
1− α21
)
− 1
) . (4.2)
After solving (4.2) for σ0 using an iterative method such as the bisection method, we can
obtain α0 by
α0 = (1− α1)lnσ20 −
σ2a
2 + 2α1
.
With the parameter values µ0, α0, α1, and σa available, we can then simulate daily gross returns
for the SV model.
4.2 The Time Horizon, Expected Return, and Market Volatility
Tables 4.1 to 4.6 give the means and standard deviations of the final returns for different
time horizons, expected returns, and market volatilities, respectively, for LS, DCA, VA, and
TC, for both the i.i.d. and SV models. Note that the results for the SV model are generally
very similar to the corresponding results for the i.i.d. model. Because the true mean returns
for the SV and i.i.d. models are the same for LS, DCA, and VA, the differences in mean returns
between the two models are due to simulation errors. However, the standard deviations for
the two models are different. For example, for LS with σ = 0.12, the standard deviations of
final returns for T = 240 months (20 years) and µ = 1.007 are 28.47 and 41.29, respectively,
for the i.i.d. and SV models. Interestingly, the standard deviations are very similar under
both models for all other cases. This implies that when applying the investment strategies to
monthly gross returns, ignoring the changing volatilities is generally reasonable, at least based
on the historical S&P 500 index daily return data. For individual stocks, this may not be the
case due to possibly larger values of α1 (which measures the autocorrelation between lnσ
2
t and
lnσ2t+1) in the SV model.
The results also indicate that TC is quite robust to the choice of the stock return model.
Furthermore, the performances of VA and TC are very similar in all cases. Of course, this
may be due to the fact that we have fixed the threshold values A and B at the 90% and 10%
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quantiles of the distribution of monthly gross returns. In fact, TC will converge to VA as
A and B go to the 50% quantile, and to LS as A and B go to the 100% and 0% quantiles,
respectively. In this sense, TC is really a generalization of both VA and LS and thus provides
more flexibility to the investor. Later on, we will explore how varying the threshold values will
affect the final results for the TC strategy.
Table 4.1 Comparisons of Net Returns for Different Time Horizons for the i.i.d. Model
T LS DCA VA TC: GBM TC: t4 TC: DEJD
60 0.52 (1.03) 0.38 (0.50) 0.53 (0.89) 0.52 (0.89) 0.52 (0.89) 0.52 (0.89)
120 1.31 (2.45) 0.90 (0.98) 1.35 (1.82) 1.35 (1.82) 1.35 (1.82) 1.35 (1.82)
180 2.51 (5.09) 1.59 (1.71) 2.66 (3.26) 2.64 (3.26) 2.64 (3.26) 2.64 (3.26)
240 4.33 (10.02) 2.52 (2.88) 4.73 (5.57) 4.69 (5.57) 4.70 (5.57) 4.69 (5.57)
300 7.11 (19.19) 3.79 (4.78) 8.02 (9.28) 7.96 (9.27) 7.96 (9.28) 7.95 (9.27)
360 11.32 (36.19) 5.49 (7.90) 13.26 (15.25) 13.15 (15.24) 13.16 (15.25) 13.15 (15.24)
420 17.72 (67.63) 7.82 (13.07) 21.64 (24.88) 21.45 (24.87) 21.47 (24.88) 21.46 (24.87)
480 27.45 (125.62) 10.99 (21.71) 35.06 (40.41) 34.75 (40.39) 34.78 (40.42) 34.74 (40.38)
540 42.24 (232.41) 15.34 (36.22) 56.59 (65.46) 56.06 (65.43) 56.11 (65.46) 56.05 (65.41)
600 64.72 (428.90) 21.32 (60.74) 91.15 (105.86) 90.27 (105.81) 90.37 (105.87) 90.27 (105.79)
Table 4.2 Comparisons of Net Returns for Different Time Horizons for the
SV Model
T LS DCA VA TC
60 0.52 (1.03) 0.39 (0.50) 0.53 (0.89) 0.53 (0.89)
120 1.30 (2.45) 0.90 (0.98) 1.35 (1.82) 1.34 (1.81)
180 2.52 (5.02) 1.59 (1.71) 2.67 (3.26) 2.65 (3.25)
240 4.33 (9.86) 2.53 (2.85) 4.73 (5.57) 4.70 (5.56)
300 7.10 (19.40) 3.78 (4.88) 8.01 (9.28) 7.96 (9.27)
360 11.48 (39.73) 5.55 (8.75) 13.27 (15.31) 13.16 (15.28)
420 17.84 (68.82) 7.87 (14.29) 21.66 (24.95) 21.49 (24.90)
480 27.09 (119.47) 10.89 (20.32) 34.98 (40.37) 34.69 (40.27)
540 42.28 (192.77) 15.35 (33.01) 56.53 (65.36) 56.01 (65.23)
600 65.93 (493.25) 21.46 (69.74) 91.69 (105.70) 90.79 (105.46)
The results in Tables 4.1 and 4.2 show the advantages of VA and TC over LS as the time
horizon increases from five years to fifty years. For example, when T = 480 months (i.e., 40
years), VA and TC have mean net returns and standard deviations of returns around 35 and
40, respectively, compared to 27.45 and 125.62 for LS for the i.i.d. model. DCA tends to have
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the lowest mean returns and lowest standard deviations of returns. Similar conclusions can be
drawn from Tables 4.5 and 4.6.
Table 4.3 Comparisons of Net Returns for Different Expected Returns for the i.i.d.
Model
µ LS DCA VA TC: GBM TC: t4 TC: DEJD
1.0015 0.43 (2.72) 1.13 (1.13) −0.99 (5.57) −0.91 (5.40) −0.92 (5.41) −0.91 (5.40)
1.0030 1.05 (3.88) 1.39 (1.44) 0.57 (5.57) 0.59 (5.45) 0.59 (5.45) 0.59 (5.45)
1.0045 1.94 (5.54) 1.73 (1.86) 2.13 (5.57) 2.12 (5.49) 2.12 (5.50) 2.12 (5.49)
1.0060 3.20 (7.91) 2.16 (2.41) 3.69 (5.57) 3.66 (5.54) 3.66 (5.54) 3.66 (5.53)
1.0075 5.01 (11.27) 2.73 (3.15) 5.25 (5.57) 5.22 (5.58) 5.22 (5.59) 5.21 (5.58)
1.0090 7.59 (16.07) 3.47 (4.13) 6.81 (5.57) 6.79 (5.63) 6.80 (5.63) 6.79 (5.63)
1.0105 11.27 (22.88) 4.44 (5.44) 8.37 (5.57) 8.39 (5.68) 8.40 (5.68) 8.39 (5.68)
1.0120 16.51 (32.57) 5.73 (7.20) 9.93 (5.57) 10.00 (5.73) 10.01 (5.73) 10.00 (5.73)
1.0135 23.99 (46.34) 7.43 (9.56) 11.49 (5.57) 11.64 (5.78) 11.65 (5.78) 11.64 (5.78)
1.0150 34.63 (65.90) 9.69 (12.74) 13.05 (5.57) 13.29 (5.83) 13.31 (5.83) 13.29 (5.83)
Table 4.4 Comparisons of Net Returns for Different Expected Returns for
the SV Model
µ LS DCA VA TC
1.0015 0.43 (2.60) 1.13 (1.11) −0.97 (5.55) −0.90 (5.39)
1.0030 1.05 (3.88) 1.39 (1.43) 0.56 (5.58) 0.58 (5.46)
1.0045 1.95 (5.63) 1.73 (1.85) 2.12 (5.58) 2.11 (5.50)
1.0060 3.19 (7.76) 2.16 (2.39) 3.67 (5.57) 3.64 (5.53)
1.0075 5.07 (11.67) 2.74 (3.17) 5.25 (5.61) 5.22 (5.61)
1.0090 7.57 (15.95) 3.48 (4.16) 6.81 (5.58) 6.80 (5.62)
1.0105 11.24 (22.63) 4.45 (5.35) 8.41 (5.54) 8.43 (5.64)
1.0120 16.41 (32.13) 5.69 (7.05) 9.92 (5.57) 10.00 (5.71)
1.0135 23.89 (45.15) 7.39 (9.20) 11.50 (5.56) 11.65 (5.74)
1.0150 34.38 (63.28) 9.66 (12.53) 13.05 (5.56) 13.29 (5.80)
The results in Tables 4.3 and 4.4 also offer some important warnings to the investor who
wants to use VA and TC in practice. Note that the target return and risk-free rates are set at
1.008 and 1.004, respectively. When the expected market return (µ) turns out to be very low
over the twenty-year investment horizon, say at 1.0015 and 1.003, the investor who uses VA
and TC can get very poor returns compared to the returns for LS and DCA. This is because
the investor is borrowing money at a rate higher than the expected market return, resulting
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Table 4.5 Comparisons of Net Returns for Different Volatilities for the i.i.d.
Model
σ LS DCA VA TC: GBM TC: t4 TC: DEJD
0.03 4.33 (2.60) 2.52 (0.86) 4.73 (2.09) 4.71 (2.09) 4.71 (2.09) 4.71 (2.09)
0.04 4.33 (3.62) 2.52 (1.18) 4.73 (2.79) 4.71 (2.79) 4.71 (2.79) 4.71 (2.79)
0.05 4.33 (4.79) 2.52 (1.53) 4.73 (3.48) 4.71 (3.48) 4.71 (3.48) 4.71 (3.48)
0.06 4.33 (6.18) 2.52 (1.92) 4.73 (4.18) 4.70 (4.18) 4.71 (4.18) 4.70 (4.18)
0.07 4.33 (7.88) 2.52 (2.36) 4.73 (4.87) 4.70 (4.87) 4.70 (4.88) 4.70 (4.87)
0.08 4.33 (10.02) 2.52 (2.88) 4.73 (5.57) 4.69 (5.57) 4.70 (5.57) 4.69 (5.57)
0.09 4.33 (12.79) 2.52 (3.51) 4.73 (6.27) 4.69 (6.26) 4.69 (6.27) 4.69 (6.26)
0.10 4.33 (16.48) 2.52 (4.27) 4.73 (6.96) 4.68 (6.95) 4.69 (6.96) 4.68 (6.95)
0.11 4.33 (21.49) 2.52 (5.24) 4.73 (7.66) 4.68 (7.65) 4.68 (7.65) 4.68 (7.64)
0.12 4.33 (28.47) 2.52 (6.49) 4.73 (8.36) 4.67 (8.34) 4.68 (8.35) 4.67 (8.33)
Table 4.6 Comparisons of Net Returns for Different Volatilities for the SV
Model
σ LS DCA VA TC
0.03 4.35 (2.61) 2.53 (0.86) 4.74 (2.10) 4.72 (2.10)
0.04 4.34 (3.60) 2.53 (1.18) 4.74 (2.78) 4.72 (2.77)
0.05 4.32 (4.74) 2.52 (1.52) 4.72 (3.46) 4.70 (3.46)
0.06 4.36 (6.21) 2.53 (1.92) 4.74 (4.18) 4.72 (4.18)
0.07 4.39 (8.01) 2.53 (2.39) 4.76 (4.86) 4.73 (4.85)
0.08 4.27 (9.26) 2.51 (2.78) 4.72 (5.56) 4.68 (5.55)
0.09 4.34 (14.47) 2.52 (3.73) 4.71 (6.27) 4.67 (6.25)
0.10 4.30 (15.56) 2.51 (4.16) 4.73 (6.95) 4.69 (6.94)
0.11 4.29 (19.89) 2.52 (4.97) 4.74 (7.65) 4.68 (7.62)
0.12 4.46 (41.29) 2.55 (8.66) 4.71 (8.38) 4.66 (8.34)
in lower returns and higher risks. On the other hand, underestimating the expected market
returns reduces the risks, but also leads to lower returns compared to LS. Thus it is critically
important for the investor to set a target return rate not too far away from the expected return.
It can be especially damaging to the investor’s portfolio value if the target return rate is set too
high. For example, this may happen during the early stage of a severe bear market that only
becomes clear in retrospect, such as the bear markets from March 2000 to March 2003 and
from October 2007 to March 2009. This can be even more important if the investor wants to
apply the VA and TC strategies to individual stocks. Buying at lower and lower prices a stock
whose price eventually goes to zero cannot be a good strategy for successful investing. Thus,
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in addition to looking at the stock prices, the investor should have some basic understanding
of the valuations for both the stock market as a whole and for the individual companies in
which the investor plans to invest.
4.3 The Risk-Free and Target Return Rates
Table 4.7 Comparisons of Net Returns for Different Risk-Free Rates for
the i.i.d. Model
r0 DCA VA TC: GBM TC: t4 TC: DEJD
1.001 1.74 (2.88) 4.98 (4.49) 4.93 (4.51) 4.94 (4.51) 4.93 (4.50)
1.002 1.93 (2.88) 4.91 (4.79) 4.86 (4.80) 4.87 (4.80) 4.86 (4.80)
1.003 2.18 (2.88) 4.83 (5.15) 4.78 (5.15) 4.79 (5.15) 4.78 (5.15)
1.004 2.52 (2.88) 4.73 (5.57) 4.69 (5.57) 4.70 (5.57) 4.69 (5.57)
1.005 2.97 (2.88) 4.62 (6.08) 4.59 (6.07) 4.59 (6.07) 4.59 (6.06)
1.006 3.56 (2.88) 4.49 (6.69) 4.47 (6.66) 4.47 (6.67) 4.47 (6.66)
1.007 4.33 (2.88) 4.33 (7.43) 4.33 (7.39) 4.33 (7.39) 4.33 (7.39)
1.008 5.34 (2.88) 4.16 (8.32) 4.17 (8.26) 4.17 (8.27) 4.18 (8.26)
1.009 6.64 (2.88) 3.95 (9.41) 3.99 (9.33) 3.99 (9.34) 3.99 (9.33)
1.010 8.33 (2.88) 3.71 (10.75) 3.77 (10.64) 3.77 (10.65) 3.77 (10.63)
Table 4.8 Comparisons of Net Returns for Different Risk-Free Rates for
the SV Model
r0 DCA VA TC
1.001 1.72 (2.84) 4.97 (4.47) 4.92 (4.48)
1.002 1.92 (2.82) 4.90 (4.80) 4.86 (4.80)
1.003 2.17 (3.23) 4.78 (5.14) 4.75 (5.13)
1.004 2.52 (2.84) 4.72 (5.58) 4.68 (5.57)
1.005 2.97 (2.84) 4.60 (6.08) 4.57 (6.06)
1.006 3.56 (2.89) 4.50 (6.66) 4.48 (6.63)
1.007 4.32 (2.83) 4.30 (7.40) 4.30 (7.36)
1.008 5.34 (2.84) 4.17 (8.30) 4.19 (8.24)
1.009 6.63 (2.92) 3.90 (9.40) 3.94 (9.32)
1.010 8.33 (2.81) 3.74 (10.74) 3.80 (10.64)
Tables 4.7 to 4.10 give the means and standard deviations of the final returns for different
risk-free and target return rates, respectively, for both the i.i.d. and SV models. Again the
results for the SV model are very similar to the corresponding results for the i.i.d. model, TC
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is quite robust to the choice of the stock return model, and the performances of VA and TC
are very similar in all cases.
Tables 4.7 and 4.8 indicate that, as the risk-free rate increases, the mean returns for DCA
become better compared with VA and TC. This is not surprising because the money not
invested in the risky asset for DCA earns more as the risk-free rate increases. On the other
hand, VA and TC are much less affected by the change in the risk-free rate. From the investor’s
perspective, when the risk-free rate is very low, if the investor can earn substantially higher
returns in the risky asset, it makes sense to put more fund in that asset, provided that the
investor fully understands the risks and rewards that are involved. That is, all other things
being equal, the investor would prefer VA and TC strategies when the risk-free rate is low and
prefer DCA when the risk-free rate is high.
Table 4.9 Comparisons of Net Returns for Different Target Return Rates
for the i.i.d. Model
ν VA TC: GBM TC: t4 TC: DEJD
1.004 3.48 (3.22) 3.48 (3.27) 3.49 (3.27) 3.49 (3.27)
1.005 3.72 (3.64) 3.72 (3.68) 3.72 (3.68) 3.72 (3.68)
1.006 4.00 (4.16) 3.99 (4.19) 4.00 (4.19) 3.99 (4.19)
1.007 4.33 (4.79) 4.32 (4.81) 4.32 (4.81) 4.31 (4.81)
1.008 4.73 (5.57) 4.69 (5.57) 4.70 (5.57) 4.69 (5.57)
1.009 5.20 (6.52) 5.14 (6.50) 5.15 (6.50) 5.14 (6.49)
1.010 5.75 (7.70) 5.67 (7.63) 5.68 (7.64) 5.67 (7.63)
1.011 6.41 (9.14) 6.30 (9.03) 6.31 (9.03) 6.30 (9.02)
1.012 7.20 (10.91) 7.05 (10.74) 7.06 (10.74) 7.05 (10.74)
1.013 8.14 (13.09) 7.94 (12.83) 7.95 (12.84) 7.94 (12.83)
Table 4.10 Comparisons of Net Returns for Different Target Return Rates
for the SV Model
ν VA TC ν VA TC
1.004 3.49 (3.21) 3.50 (3.26) 1.009 5.17 (6.53) 5.12 (6.49)
1.005 3.73 (3.64) 3.73 (3.68) 1.010 5.74 (7.70) 5.67 (7.62)
1.006 4.00 (4.16) 3.99 (4.19) 1.011 6.43 (9.14) 6.33 (9.02)
1.007 4.28 (4.80) 4.26 (4.81) 1.012 7.22 (10.92) 7.08 (10.73)
1.008 4.74 (5.57) 4.71 (5.56) 1.013 8.19 (13.10) 7.99 (12.82)
Tables 4.9 and 4.10 indicate that, as the target return rate increases, both the means and
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standard deviations of returns increase for VA and TC. We should point out, when the target
return rate far exceeds the expected stock return, the investor is likely to borrow money to
invest in the risky asset for a long investment time horizon. When borrowing money at a cheap
rate to buy risky assets that are expected to provide high returns, the increased risks of doing
so cannot be ignored. This is especially true when borrowing on margin in a stock brokerage
account. An added complication is that the low borrowing rate may increase substantially
in a short time when the policy makers start to tighten the money supply (i.e., increase the
short-term interest rates). The risks can be quite serious if the investor borrows too heavily
on margin.
4.4 The Threshold Values
Table 4.11 Comparisons of Net Returns for Different Threshold Values for
TC for the i.i.d. Model: Part I
F (A) F (B) TC: GBM TC: t4 TC: DEJD
0.7 0.3 4.72 (5.56) 4.72 (5.56) 4.72 (5.56)
0.7 0.2 4.68 (5.50) 4.69 (5.50) 4.68 (5.50)
0.7 0.15 4.65 (5.45) 4.66 (5.46) 4.66 (5.45)
0.7 0.1 4.61 (5.39) 4.62 (5.39) 4.61 (5.39)
0.7 0.05 4.55 (5.30) 4.56 (5.30) 4.55 (5.30)
0.7 0.025 4.51 (5.24) 4.52 (5.25) 4.51 (5.24)
0.8 0.3 4.75 (5.62) 4.75 (5.62) 4.75 (5.62)
0.8 0.2 4.71 (5.55) 4.71 (5.56) 4.71 (5.55)
0.8 0.15 4.68 (5.50) 4.68 (5.50) 4.68 (5.50)
0.8 0.1 4.62 (5.42) 4.63 (5.42) 4.63 (5.42)
0.8 0.05 4.54 (5.29) 4.55 (5.30) 4.54 (5.30)
0.8 0.025 4.48 (5.21) 4.49 (5.22) 4.48 (5.21)
0.85 0.3 4.78 (5.67) 4.78 (5.67) 4.78 (5.67)
0.85 0.2 4.74 (5.61) 4.74 (5.61) 4.74 (5.61)
0.85 0.15 4.71 (5.55) 4.71 (5.56) 4.71 (5.55)
0.85 0.1 4.65 (5.46) 4.65 (5.47) 4.65 (5.46)
0.85 0.05 4.55 (5.32) 4.55 (5.33) 4.55 (5.32)
0.85 0.025 4.47 (5.22) 4.48 (5.22) 4.47 (5.22)
Tables 4.11 to 4.13 give the means and standard deviations of the final returns for different
threshold values (A,B) for TC, for both the i.i.d. and SV models. Again the results for the
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Table 4.12 Comparisons of Net Returns for Different Threshold Values for
TC for the i.i.d. Model: Part II
F (A) F (B) TC: GBM TC: t4 TC: DEJD
0.9 0.3 4.82 (5.76) 4.82 (5.76) 4.82 (5.76)
0.9 0.2 4.79 (5.72) 4.79 (5.71) 4.79 (5.72)
0.9 0.15 4.76 (5.66) 4.76 (5.66) 4.76 (5.66)
0.9 0.1 4.69 (5.57) 4.70 (5.57) 4.70 (5.57)
0.9 0.05 4.58 (5.40) 4.58 (5.40) 4.58 (5.40)
0.9 0.025 4.48 (5.26) 4.48 (5.26) 4.48 (5.26)
0.95 0.3 4.89 (5.91) 4.89 (5.90) 4.89 (5.91)
0.95 0.2 4.88 (5.92) 4.88 (5.91) 4.88 (5.91)
0.95 0.15 4.86 (5.89) 4.86 (5.89) 4.86 (5.89)
0.95 0.1 4.80 (5.82) 4.81 (5.82) 4.80 (5.82)
0.95 0.05 4.67 (5.65) 4.67 (5.65) 4.67 (5.64)
0.95 0.025 4.53 (5.46) 4.53 (5.46) 4.53 (5.46)
0.975 0.3 4.95 (6.04) 4.94 (6.03) 4.94 (6.03)
0.975 0.2 4.96 (6.10) 4.96 (6.09) 4.96 (6.09)
0.975 0.15 4.95 (6.12) 4.95 (6.11) 4.95 (6.12)
0.975 0.1 4.92 (6.12) 4.92 (6.11) 4.92 (6.11)
0.975 0.05 4.80 (6.02) 4.81 (6.03) 4.80 (6.01)
0.975 0.025 4.63 (5.85) 4.64 (5.85) 4.63 (5.84)
SV model are very similar to the corresponding results for the i.i.d. model, and TC is quite
robust to the choice of the stock return model. Note that the threshold values only have a
moderate effect on the final results when all other parameters are fixed at their standard-setup
values.
Table 4.13 Comparisons of Net Returns for Different Threshold Values for
TC for the SV Model
F (B) F (A)=0.70 0.80 0.85 0.90 0.95 0.975
0.30 4.72 (5.56) 4.69 (5.50) 4.64 (5.45) 4.62 (5.41) 4.59 (5.32) 4.54 (5.27)
0.20 4.73 (5.60) 4.73 (5.54) 4.67 (5.49) 4.64 (5.43) 4.54 (5.31) 4.52 (5.23)
0.15 4.78 (5.62) 4.74 (5.61) 4.71 (5.55) 4.65 (5.47) 4.55 (5.32) 4.49 (5.20)
0.10 4.83 (5.71) 4.78 (5.70) 4.75 (5.64) 4.69 (5.55) 4.58 (5.39) 4.47 (5.24)
0.05 4.87 (5.89) 4.85 (5.90) 4.84 (5.87) 4.80 (5.82) 4.65 (5.60) 4.54 (5.42)
0.025 4.91 (5.98) 4.92 (6.07) 4.94 (6.09) 4.90 (6.07) 4.79 (5.98) 4.60 (5.78)
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4.5 Different Combinations of Parameter Values
In this section, we use a 27-run 36−3 fractional factorial design (Wu and Hamada, 2000)
to study the effects of the six parameters, T, µ, σ, r0, ν, and (A,B), simultaneously. We select
three levels for each of the parameters, as given in Table 4.14. The design is given in Table
4.15 and it is a minimum aberration 36−3 design (Wu and Hamada, 2000).
Table 4.14 Levels of Parameter Values
Factor Level 0 Level 1 Level 2
A: Time Horizon (T ) 60 240 420
B: Expected Return (µ) 1.005 1.007 1.009
C: Market Volatility (σ) 0.04 0.08 0.12
D: Risk-Free Rate (r0) 1.002 1.004 1.006
E: Target Return Rate (ν) 1.0065 1.0080 1.0095
F : Threshold Values (F (A), F (B)) (0.85, 0.05) (0.9, 0.1) (0.95, 0.15)
Tables 4.16, 4.19, and 4.20 give the means and standard deviations of the final returns for
the 27 selected combinations of parameter values for the four investment strategies for both
the i.i.d. and SV models. The tables provide similar conclusions on the relative performances
of these strategies, compared with the results in the previous sections. In particular, Tables
4.19 and 4.20 give very similar results for the SV model for α1 = 0.9 and 0.95, respectively,
indicating that the differences between α1 = 0.9 and 0.95 are small in all the cases.
Tables 4.17 and 4.18 present results for TC under different t distributions and DEJD
models. Again, the results show that TC is quite robust to the choice of the stock return model.
The parameters chosen for the six DEJD models are based on Ramezani and Zeng (2007). In
particular, DEJD1 is for the S&P 500 index, DEJD2 is for the NASDAQ index, and the others
are based on some individual stocks. The parameters (λ, p, ((η1−1)σ0)−1, ((η2+1)σ0)−1) for the
six models are given as follows: (1.05, 0.45, 0.6, 0.55), (0.7, 0.35, 0.85, 0.75), (0.4, 0.85, 0.7, 1.1),
(0.8, 0.6, 0.45, 0.8), (1.2, 0.4, 0.8, 0.45), and (1.5, 0.5, 0.6, 0.5).
In summary, the results for TC are similar to those for VA, and are very robust to the
choice of the stock return model and the threshold values. This implies that the investor does
not need to make frequent portfolio adjustments to gain the benefits of VA and TC. In view of
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the market uncertainties, it seems reasonable to make infrequent portfolio adjustments unless
the valuations of the assets are too high or too low.
Table 4.15 Design Matrix for Selected Combinations of the Parameter Val-
ues
Run A B C D E F
1 0 0 0 0 0 0
2 0 0 1 0 1 2
3 0 0 2 0 2 1
4 0 1 0 1 2 2
5 0 1 1 1 0 1
6 0 1 2 1 1 0
7 0 2 0 2 1 1
8 0 2 1 2 2 0
9 0 2 2 2 0 2
10 1 0 0 1 1 1
11 1 0 1 1 2 0
12 1 0 2 1 0 2
13 1 1 0 2 0 0
14 1 1 1 2 1 2
15 1 1 2 2 2 1
16 1 2 0 0 2 2
17 1 2 1 0 0 1
18 1 2 2 0 1 0
19 2 0 0 2 2 2
20 2 0 1 2 0 1
21 2 0 2 2 1 0
22 2 1 0 0 1 1
23 2 1 1 0 2 0
24 2 1 2 0 0 2
25 2 2 0 1 0 0
26 2 2 1 1 1 2
27 2 2 2 1 2 1
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Table 4.16 Comparisons of Net Returns for Selected Combinations of Parameter Values
for the i.i.d. Model
Run LS DCA VA TC: GBM TC: t4 TC: DEJD
1 0.35 (0.43) 0.23 (0.22) 0.36 (0.40) 0.35 (0.39) 0.35 (0.39) 0.35 (0.39)
2 0.35 (0.92) 0.23 (0.46) 0.37 (0.84) 0.38 (0.88) 0.38 (0.88) 0.38 (0.88)
3 0.35 (1.56) 0.23 (0.74) 0.38 (1.32) 0.37 (1.30) 0.37 (1.31) 0.37 (1.30)
4 0.52 (0.48) 0.38 (0.24) 0.54 (0.46) 0.54 (0.47) 0.54 (0.47) 0.54 (0.47)
5 0.52 (1.03) 0.38 (0.50) 0.52 (0.85) 0.51 (0.85) 0.52 (0.85) 0.51 (0.85)
6 0.52 (1.75) 0.38 (0.79) 0.53 (1.33) 0.51 (1.24) 0.51 (1.25) 0.51 (1.24)
7 0.71 (0.54) 0.56 (0.26) 0.70 (0.47) 0.70 (0.47) 0.70 (0.47) 0.70 (0.47)
8 0.71 (1.16) 0.56 (0.54) 0.72 (0.98) 0.70 (0.94) 0.70 (0.94) 0.70 (0.94)
9 0.71 (1.97) 0.56 (0.86) 0.69 (1.34) 0.71 (1.47) 0.71 (1.47) 0.71 (1.47)
10 2.31 (2.25) 1.86 (0.84) 2.65 (2.79) 2.63 (2.76) 2.63 (2.76) 2.63 (2.76)
11 2.31 (6.24) 1.86 (2.03) 2.89 (7.08) 2.80 (6.65) 2.80 (6.66) 2.80 (6.65)
12 2.31 (17.79) 1.86 (4.50) 2.46 (6.69) 2.51 (7.23) 2.51 (7.23) 2.51 (7.22)
13 4.33 (3.62) 3.56 (1.18) 4.27 (2.75) 4.24 (2.69) 4.24 (2.70) 4.24 (2.69)
14 4.33 (10.02) 3.56 (2.88) 4.49 (6.69) 4.54 (7.04) 4.54 (7.04) 4.54 (7.04)
15 4.33 (28.47) 3.56 (6.49) 4.77 (12.45) 4.73 (12.30) 4.73 (12.32) 4.73 (12.30)
16 7.59 (5.81) 2.88 (1.68) 8.13 (3.11) 8.30 (3.23) 8.30 (3.23) 8.30 (3.23)
17 7.59 (16.07) 2.88 (4.13) 5.47 (3.75) 5.48 (3.82) 5.49 (3.82) 5.48 (3.82)
18 7.59 (45.53) 2.88 (9.44) 6.63 (7.18) 6.15 (6.80) 6.17 (6.81) 6.15 (6.80)
19 7.12 (7.89) 10.22 (2.24) −0.30 (24.57) −0.37 (24.71) −0.37 (24.71) −0.37 (24.71)
20 7.12 (29.51) 10.22 (6.71) 5.61 (22.39) 5.68 (22.19) 5.68 (22.20) 5.68 (22.19)
21 7.12 (158.59) 10.22 (24.78) 3.30 (48.38) 4.05 (44.47) 4.02 (44.59) 4.05 (44.47)
22 17.72 (18.14) 5.82 (4.26) 23.06 (10.31) 22.93 (10.36) 22.94 (10.35) 22.94 (10.35)
23 17.72 (67.63) 5.82 (13.07) 35.14 (34.52) 32.99 (32.92) 33.05 (32.96) 33.00 (32.92)
24 17.72 (361.24) 5.82 (50.06) 15.63 (18.96) 16.61 (20.91) 16.62 (20.90) 16.61 (20.89)
25 42.08 (41.63) 12.98 (8.30) 24.05 (8.03) 23.71 (7.98) 23.73 (7.98) 23.71 (7.98)
26 42.08 (154.74) 12.98 (25.97) 33.17 (24.88) 34.65 (26.71) 34.64 (26.68) 34.63 (26.68)
27 42.08 (821.56) 12.98 (102.35) 47.71 (60.18) 46.96 (60.35) 47.05 (60.41) 46.97 (60.33)
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Table 4.17 Comparisons of Net Returns for Selected Combinations of Parameter Values
for TC for Different i.i.d. t Distribution Models
Run t3 t4 t5 t10 t25 t100
1 0.35 (0.39) 0.35 (0.39) 0.35 (0.39) 0.35 (0.39) 0.35 (0.39) 0.35 (0.39)
2 0.38 (0.88) 0.38 (0.88) 0.38 (0.88) 0.38 (0.88) 0.38 (0.88) 0.38 (0.88)
3 0.38 (1.31) 0.37 (1.31) 0.37 (1.31) 0.37 (1.31) 0.37 (1.31) 0.37 (1.31)
4 0.54 (0.47) 0.54 (0.47) 0.54 (0.47) 0.54 (0.47) 0.54 (0.47) 0.54 (0.47)
5 0.52 (0.85) 0.52 (0.85) 0.52 (0.85) 0.51 (0.85) 0.51 (0.85) 0.51 (0.85)
6 0.51 (1.25) 0.51 (1.25) 0.51 (1.25) 0.51 (1.25) 0.51 (1.24) 0.51 (1.25)
7 0.70 (0.47) 0.70 (0.47) 0.70 (0.47) 0.70 (0.47) 0.70 (0.47) 0.70 (0.47)
8 0.70 (0.94) 0.70 (0.94) 0.70 (0.94) 0.70 (0.94) 0.70 (0.94) 0.70 (0.94)
9 0.71 (1.47) 0.71 (1.47) 0.71 (1.47) 0.71 (1.48) 0.71 (1.48) 0.71 (1.48)
10 2.63 (2.76) 2.63 (2.76) 2.63 (2.76) 2.63 (2.76) 2.63 (2.76) 2.63 (2.76)
11 2.81 (6.68) 2.80 (6.66) 2.80 (6.66) 2.80 (6.66) 2.80 (6.65) 2.80 (6.65)
12 2.51 (7.20) 2.51 (7.22) 2.51 (7.24) 2.51 (7.24) 2.51 (7.24) 2.51 (7.23)
13 4.24 (2.70) 4.24 (2.69) 4.24 (2.69) 4.24 (2.69) 4.24 (2.69) 4.24 (2.69)
14 4.54 (7.02) 4.54 (7.04) 4.54 (7.04) 4.54 (7.05) 4.54 (7.04) 4.54 (7.04)
15 4.73 (12.33) 4.73 (12.32) 4.73 (12.32) 4.73 (12.31) 4.73 (12.32) 4.73 (12.31)
16 8.29 (3.22) 8.30 (3.23) 8.30 (3.23) 8.30 (3.23) 8.30 (3.23) 8.31 (3.23)
17 5.49 (3.82) 5.49 (3.82) 5.49 (3.82) 5.48 (3.82) 5.48 (3.82) 5.48 (3.82)
18 6.20 (6.83) 6.17 (6.81) 6.16 (6.81) 6.16 (6.80) 6.15 (6.80) 6.15 (6.80)
19 −0.35 (24.68) −0.37 (24.71) −0.37 (24.71) −0.37 (24.71) −0.37 (24.72) −0.37 (24.71)
20 5.67 (22.21) 5.68 (22.21) 5.68 (22.20) 5.68 (22.20) 5.68 (22.19) 5.68 (22.20)
21 3.98 (44.77) 4.02 (44.59) 4.03 (44.56) 4.04 (44.50) 4.04 (44.50) 4.04 (44.50)
22 22.94 (10.34) 22.94 (10.35) 22.94 (10.35) 22.94 (10.36) 22.94 (10.36) 22.94 (10.36)
23 33.16 (33.01) 33.05 (32.95) 33.02 (32.94) 33.01 (32.93) 33.00 (32.93) 33.00 (32.93)
24 16.59 (20.79) 16.62 (20.90) 16.63 (20.92) 16.62 (20.93) 16.63 (20.94) 16.62 (20.93)
25 23.76 (7.99) 23.73 (7.98) 23.72 (7.98) 23.72 (7.98) 23.71 (7.98) 23.71 (7.98)
26 34.60 (26.59) 34.66 (26.69) 34.66 (26.70) 34.66 (26.72) 34.66 (26.73) 34.65 (26.72)
27 47.14 (60.41) 47.06 (60.42) 47.03 (60.41) 47.01 (60.42) 47.01 (60.42) 47.00 (60.41)
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Table 4.18 Comparisons of Net Returns for Selected Combinations of Parameter Values
for TC for Different DEJD Models
Run DEJD1 DEJD2 DEJD3 DEJD4 DEJD5 DEJD6
1 0.35 (0.39) 0.35 (0.39) 0.35 (0.39) 0.35 (0.39) 0.35 (0.39) 0.35 (0.39)
2 0.38 (0.88) 0.38 (0.88) 0.38 (0.88) 0.38 (0.88) 0.38 (0.87) 0.38 (0.88)
3 0.37 (1.30) 0.37 (1.31) 0.37 (1.30) 0.38 (1.31) 0.37 (1.29) 0.37 (1.30)
4 0.54 (0.47) 0.54 (0.47) 0.54 (0.47) 0.54 (0.48) 0.54 (0.47) 0.54 (0.47)
5 0.51 (0.85) 0.52 (0.85) 0.51 (0.85) 0.52 (0.85) 0.51 (0.84) 0.51 (0.85)
6 0.51 (1.24) 0.51 (1.25) 0.51 (1.24) 0.51 (1.25) 0.51 (1.24) 0.51 (1.24)
7 0.70 (0.47) 0.70 (0.47) 0.70 (0.47) 0.70 (0.47) 0.70 (0.47) 0.70 (0.47)
8 0.70 (0.94) 0.70 (0.94) 0.70 (0.94) 0.70 (0.94) 0.70 (0.94) 0.70 (0.94)
9 0.71 (1.47) 0.71 (1.48) 0.71 (1.47) 0.71 (1.48) 0.71 (1.46) 0.71 (1.47)
10 2.63 (2.76) 2.63 (2.76) 2.63 (2.75) 2.64 (2.76) 2.63 (2.75) 2.63 (2.75)
11 2.80 (6.65) 2.80 (6.67) 2.80 (6.65) 2.81 (6.68) 2.80 (6.62) 2.80 (6.64)
12 2.51 (7.22) 2.51 (7.24) 2.51 (7.20) 2.51 (7.28) 2.50 (7.14) 2.50 (7.19)
13 4.24 (2.69) 4.24 (2.70) 4.24 (2.69) 4.24 (2.70) 4.24 (2.69) 4.24 (2.69)
14 4.54 (7.03) 4.54 (7.05) 4.54 (7.02) 4.55 (7.07) 4.53 (6.98) 4.54 (7.02)
15 4.73 (12.30) 4.73 (12.33) 4.72 (12.27) 4.74 (12.39) 4.71 (12.19) 4.72 (12.26)
16 8.30 (3.23) 8.31 (3.23) 8.30 (3.23) 8.32 (3.24) 8.28 (3.22) 8.29 (3.23)
17 5.48 (3.82) 5.49 (3.83) 5.47 (3.81) 5.50 (3.84) 5.45 (3.79) 5.47 (3.81)
18 6.15 (6.80) 6.17 (6.81) 6.14 (6.78) 6.18 (6.84) 6.11 (6.75) 6.14 (6.78)
19 −0.36 (24.70) −0.38 (24.73) −0.36 (24.69) −0.39 (24.76) −0.33 (24.63) −0.35 (24.68)
20 5.68 (22.18) 5.67 (22.22) 5.69 (22.16) 5.66 (22.28) 5.72 (22.04) 5.70 (22.12)
21 4.04 (44.48) 4.02 (44.59) 4.05 (44.42) 4.01 (44.70) 4.09 (44.17) 4.06 (44.36)
22 22.93 (10.35) 22.96 (10.36) 22.92 (10.34) 22.98 (10.38) 22.86 (10.32) 22.90 (10.34)
23 33.00 (32.92) 33.07 (32.98) 32.97 (32.89) 33.12 (33.04) 32.84 (32.76) 32.94 (32.86)
24 16.60 (20.88) 16.65 (20.94) 16.57 (20.82) 16.71 (21.07) 16.44 (20.62) 16.55 (20.79)
25 23.71 (7.98) 23.73 (7.99) 23.70 (7.98) 23.75 (8.00) 23.66 (7.96) 23.69 (7.97)
26 34.63 (26.68) 34.68 (26.72) 34.59 (26.64) 34.78 (26.83) 34.43 (26.47) 34.56 (26.61)
27 46.97 (60.33) 47.09 (60.49) 46.86 (60.17) 47.24 (60.74) 46.58 (59.74) 46.80 (60.09)
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Table 4.19 Comparisons of Net Returns for Selected Combinations of Pa-
rameter Values for the SV Model With α1 = 0.9
Run LS DCA VA TC
1 0.35 (0.43) 0.23 (0.22) 0.36 (0.40) 0.35 (0.39)
2 0.35 (0.91) 0.23 (0.46) 0.37 (0.84) 0.38 (0.88)
3 0.35 (1.52) 0.23 (0.73) 0.38 (1.32) 0.38 (1.30)
4 0.52 (0.48) 0.39 (0.24) 0.54 (0.46) 0.55 (0.47)
5 0.52 (1.03) 0.38 (0.49) 0.52 (0.84) 0.52 (0.85)
6 0.52 (1.75) 0.39 (0.79) 0.53 (1.33) 0.51 (1.25)
7 0.71 (0.54) 0.55 (0.26) 0.70 (0.47) 0.70 (0.47)
8 0.71 (1.16) 0.55 (0.53) 0.71 (0.98) 0.70 (0.94)
9 0.72 (2.03) 0.56 (0.87) 0.70 (1.34) 0.71 (1.46)
10 2.31 (2.28) 1.86 (0.85) 2.65 (2.81) 2.63 (2.78)
11 2.32 (6.53) 1.86 (2.05) 2.88 (7.10) 2.80 (6.69)
12 2.25 (15.50) 1.86 (4.43) 2.45 (6.67) 2.50 (7.15)
13 4.34 (3.60) 3.56 (1.17) 4.28 (2.74) 4.25 (2.69)
14 4.32 (9.74) 3.57 (2.87) 4.49 (6.69) 4.54 (7.01)
15 4.40 (26.29) 3.57 (6.55) 4.74 (12.44) 4.71 (12.27)
16 7.58 (5.80) 2.87 (1.67) 8.12 (3.10) 8.28 (3.21)
17 7.59 (16.52) 2.87 (4.13) 5.46 (3.75) 5.47 (3.81)
18 7.64 (41.60) 2.89 (9.02) 6.66 (7.18) 6.22 (6.81)
19 7.11 (8.00) 10.22 (2.24) −0.30 (24.58) −0.35 (24.69)
20 7.03 (26.21) 10.20 (6.53) 5.54 (22.39) 5.61 (22.18)
21 6.57 (89.11) 10.08 (16.46) 3.20 (48.27) 3.91 (44.56)
22 17.74 (18.25) 5.82 (4.25) 23.04 (10.29) 22.91 (10.31)
23 17.70 (62.95) 5.82 (12.60) 35.19 (34.44) 33.17 (32.87)
24 17.17 (242.86) 5.67 (35.11) 15.73 (18.99) 16.65 (20.71)
25 41.94 (41.10) 12.96 (8.30) 24.02 (8.04) 23.72 (7.99)
26 42.20 (154.41) 13.04 (25.42) 33.13 (25.00) 34.53 (26.66)
27 41.81 (543.48) 13.09 (88.62) 47.79 (60.11) 47.16 (60.21)
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Table 4.20 Comparisons of Net Returns for Selected Combinations of Pa-
rameter Values for the SV Model With α1 = 0.95
Run LS DCA VA TC
1 0.35 (0.42) 0.23 (0.22) 0.36 (0.40) 0.35 (0.39)
2 0.35 (0.91) 0.23 (0.46) 0.37 (0.84) 0.38 (0.87)
3 0.35 (1.57) 0.23 (0.74) 0.38 (1.33) 0.38 (1.30)
4 0.52 (0.48) 0.39 (0.24) 0.54 (0.47) 0.54 (0.47)
5 0.52 (1.03) 0.38 (0.50) 0.51 (0.84) 0.51 (0.85)
6 0.52 (1.73) 0.38 (0.79) 0.53 (1.33) 0.51 (1.25)
7 0.71 (0.54) 0.55 (0.26) 0.70 (0.47) 0.70 (0.47)
8 0.71 (1.15) 0.55 (0.53) 0.72 (0.98) 0.70 (0.94)
9 0.71 (1.97) 0.55 (0.86) 0.69 (1.34) 0.71 (1.44)
10 2.31 (2.22) 1.86 (0.83) 2.65 (2.78) 2.64 (2.74)
11 2.32 (6.08) 1.87 (2.03) 2.91 (7.10) 2.83 (6.71)
12 2.31 (16.75) 1.86 (4.17) 2.47 (6.69) 2.51 (7.11)
13 4.32 (3.58) 3.56 (1.17) 4.26 (2.74) 4.24 (2.69)
14 4.37 (9.89) 3.57 (2.90) 4.50 (6.71) 4.54 (6.98)
15 4.32 (27.61) 3.55 (6.12) 4.75 (12.43) 4.71 (12.25)
16 7.60 (5.75) 2.88 (1.67) 8.15 (3.10) 8.29 (3.20)
17 7.46 (15.09) 2.85 (4.07) 5.46 (3.72) 5.48 (3.78)
18 7.55 (39.02) 2.85 (9.09) 6.58 (7.19) 6.18 (6.84)
19 7.14 (7.94) 10.22 (2.23) −0.31 (24.57) −0.35 (24.63)
20 7.17 (27.35) 10.24 (6.71) 5.67 (22.43) 5.74 (22.22)
21 8.49 (528.27) 10.32 (46.01) 3.51 (48.35) 4.17 (44.84)
22 17.73 (18.25) 5.82 (4.28) 23.07 (10.31) 22.95 (10.32)
23 17.63 (67.46) 5.79 (13.43) 35.15 (34.49) 33.31 (33.00)
24 17.71 (241.48) 5.81 (37.74) 15.61 (19.01) 16.43 (20.47)
25 42.15 (41.95) 13.00 (8.35) 24.06 (8.03) 23.81 (7.98)
26 42.29 (158.05) 12.98 (25.04) 33.23 (24.86) 34.48 (26.27)
27 40.86 (513.33) 12.85 (64.53) 47.65 (60.57) 47.08 (60.38)
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CHAPTER 5. CONCLUSION REMARKS
Although many statistical comparisons have been made in the literature to evaluate invest-
ment strategies, these comparisons give different results and lead to different recommendations.
In order to facilitate the decision to choose among different investment strategies, we employed
theoretical analysis and Monte Carlo simulation to attain comprehensive comparison results for
the LS, DCA, VA, and TC, using historical stock market returns and reasonable assumptions
about the stock price movements.
In Chapter 1, we described alternative investment strategies and proposed methods to
evaluate the strategies. In Chapter 2, we presented several models for the stock price move-
ments, and derived theoretical results for the mean returns and the variances of returns for
the investment strategies. In Chapter 3, we described the simulation methods and presented
results based on one set of parameters for the case study and simulations under different stock
price models. In Chapter 4, we implemented numerical computations based on the results in
Chapter 2 and conducted Monte Carlo simulations using various combinations of parameters
based on the monthly return setup in Chapter 3.
The results of this study show that:
1. A simple rule stating that one strategy is superior to the others would be very misleading.
We recommend that investors make their decisions by considering their financial position,
time horizon, attitude towards risk, and objectives. They must carefully consider both
the opportunities for gains, and the ability to bear losses.
2. The results for the mean returns and standard deviations of returns based on the theo-
retical analysis can be of great assistance to the investors at the time of investment. This
approach enables investors to incorporate their own expectations into the model.
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3. Investors are concerned with risk exposure. The standard deviation of returns captures
both positive and negative variations from the mean. Investors enjoy returns that vary
from the mean when the variations are positive. The real sources of risk for investors
are the variations from the mean that are negative. These behavioral findings call into
question the validity of results found using the Sharpe ratio as the measure of perfor-
mance. Although DCA is superior in terms of the standard deviation or the Sharpe ratio
in many circumstances, it might not be the best investment strategy.
4. We find no clear advantage among the different strategies in numerous possible combi-
nations of expected returns on stock, risk-free rates, and levels of volatility. However, if
the stock market price trend is up, LS is still a good idea. Conversely, DCA will have
a more favorable return record than other strategies if the stock market price trend is
down. If stock prices go up and down, the performances of the LS and DCA strategies
will depend on the mix of increases and declines, and VA and TC would have better
performances than other strategies in most circumstances.
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